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Preface

This volume contains the revised versions of selected papers presented during the
31%" Annual Conference of the German Classification Society (Gesellschaft fiir Klas-
sifikation — GfKl). The conference was held at the Albert-Ludwigs-University in
Freiburg, Germany, in March 2007. The focus of the conference was on Data Analy-
sis, Machine Learning, and Applications, it comprised 200 talks in 36 sessions. Ad-
ditionally 11 plenary and semi-plenary talks were held by outstanding researchers.
With 292 participants from 19 countries in Europe and overseas this GfKI Confer-
ence, once again, provided an international forum for discussions and mutual ex-
change of knowledge with colleagues from different fields of interest. From alto-
gether 120 full papers that had been submitted for this volume 82 were finally ac-
cepted.

With the occasion of the 30% anniversary of the German Classification Society
the associated societies Sekcja Klasyfikacji i Analizy Danych PTS (SKAD), Verenig-
ing voor Ordinatie en Classificatie (VOC), Japanese Classification Society (JCS) and
Classification and Data Analysis Group (CLADAG) have sponsored the following in-
vited talks: Paul Eilers - Statistical Classification for Reliable High-volume Genetic
Measurements (VOC); Eugeniusz Gatnar - Fusion of Multiple Statistical Classifiers
(SKAD); Akinori Okada - Two-Dimensional Centrality of a Social Network (JCS);
Donatella Vicari - Unsupervised Multivariate Prediction Including Dimensionality
Reduction (CLADAG).

The scientific program included a broad range of topics, besides the main theme
of the conference, especially methods and applications of data analysis and machine
learning were considered. The following sessions were established:

I. Theory and Methods

Supervised Classification, Discrimination, and Pattern Recognition (G. Ritter); Clus-
ter Analysis and Similarity Structures (H.-H. Bock and J. Buhmann); Classifica-
tion and Regression (C. Bailer-Jones and C. Hennig); Frequent Pattern Mining (C.
Borgelt); Data Visualization and Scaling Methods (P. Groenen, T. Imaizumi, and A.
Okada); Exploratory Data Analysis and Data Mining (M. Meyer and M. Schwaiger);
Mixture Analysis in Clustering (S. Ingrassia, D. Karlis, P. Schlattmann and W. Sei-
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del); Knowledge Representation and Knowledge Discovery (A. Ultsch); Statistical
Relational Learning (H. Blockeel and K. Kersting); Online Algorithms and Data
Streams (C. Sohler); Analysis of Time Series, Longitudinal and Panel Data (S. Lang);
Tools for Intelligent Data Analysis (M. Hahsler and K. Hornik); Data Preprocessing
and Information Extraction (H.-J. Lenz); Typing for Modeling (W. Esswein).

I1. Applications

Marketing and Management Science (D. Baier, Y. Boztug, and W. Steiner); Banking
and Finance (K. Jajuga and H. Locarek-Junge); Business Intelligence and Person-
alization (A. Geyer-Schulz and L. Schmidt-Thieme); Data Analysis in Retailing (T.
Reutterer); Econometrics and Operations Research (W. Polasek); Image and Sig-
nal Analysis (H. Burkhardt); Biostatistics and Bioinformatics (R. Backofen, H.-P.
Klenk and B. Lausen); Medical and Health Sciences (K.-D. Wernecke); Text Mining,
Web Mining, and the Semantic Web (A. Niirnberger and M. Spiliopoulou); Statistical
Natural Language Processing (P. Cimiano); Linguistics (H. Goebl and P. Grzybek);
Subject Indexing and Library Science (H.-J. Hermes and B. Lorenz); Statistical Mu-
sicology (C. Weihs); Archaeology and Archaecometry (M. Helfert and I. Herzog);
Psychology (S. Krolak-Schwerdt); Data Analysis in Higher Education (A. Hilbert).

Contributed Sessions (by CLADAG and SKAD)

Latent class models for classification (A. Montanari and A. Cerioli); Classification
and models for interval-valued data (F. Palumbo); Selected Problems in Classifica-
tion (E. Gatnar); Recent Developments in Multidimensional Data Analysis between
research and practice I (L. D’ Ambra); Recent Developments in Multidimensional
Data Analysis between research and practice II (B. Simonetti).

The editors would like to emphatically thank all the section chairs for doing
such a great job regarding the organization of their sections and the associated paper
reviews.

Cordial thanks also go to the members of the scientific program committee for
their conceptual and practical support as well as for the paper reviews: D. Baier
(Cottbus), H.-H. Bock (Aachen), H. Bozdogan (Tennessee), J. Buhmann (Ziirich),
H. Burkhardt (Freiburg), A. Cerioli (Parma); R. Decker (Bielefeld), W. Gaul (Karl-
sruhe), A. Geyer-Schulz (Karlsruhe), P. Groenen (Rotterdam), T. Imaizumi (Tokyo),
K. Jajuga (Wroclaw), R. Kruse (Magdeburg), S. Lang (Innsbruck), B. Lausen (Erlan-
gen-Niirnberg), H.-J. Lenz (Berlin), F. Murtagh (London), H. Ney (Aachen), A.
Okada (Tokyo), L. Schmidt-Thieme (Hildesheim), C. Schnoerr (Mannheim), M.
Spiliopoulou (Magdeburg), C. Weihs (Dortmund), D. A. Zighed (Lyon).

Furthermore we would like to thank the additional reviewers: A. Hotho, L. Mar-
inho, C. Preisach, S. Rendle, S. Scholz, K. Tso.

The great success of this conference would not have been possible without the
support of many people mainly working in the backstage. We would like to par-
ticularly thank M. Temerinac (Freiburg), J. Fehr (Freiburg), C. Findlay (Freiburg),
E. Patschke (Freiburg), A. Busche (Hildesheim), K. Tso (Hildesheim), L. Marinho
(Hildesheim) and the student support team for their hard work in the preparation
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of this conference, for the support during the event and the post-processing of the
conference.

The GfKI Conference 2007 would not have been possible in the way it took place
without the financial and/or material support of the following institutions and com-
panies (in alphabetical order): Albert-Ludwigs-University Freiburg — Faculty of Ap-
plied Sciences, Gesellschaft fiir Klassifikation e.V., Microsoft Miinchen and Springer
Verlag. We express our gratitude to all of them. Finally, we would like to thank Dr.
Martina Bihn from Springer Verlag, Heidelberg, for her support and dedication to
the production of this volume.

Hildesheim, Freiburg and Bielefeld, February 2008 Christine Preisach
Hans Burkhardt

Lars Schmidt-Thieme

Reinhold Decker
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Applying the Kohonen Self-organizing Map Networks
to Select Variables

Kamila Migdat Najman and Krzysztof Najman

University of Gdarisk, Poland
K.Najman@panda.bg.univ.gda.pl

Abstract. The problem of selection of variables seems to be the key issue in classification of
multi-dimensional objects. An optimal set of features should be made of only those variables,
which are essential for the differentiation of studied objects. This selection may be made easier
if a graphic analysis of an U-matrix is carried out. It allows to easily identify variables, which
do not differentiate the studied objects. A graphic analysis may, however, not suffice to analyse
data when an object is described with hundreds of variables. The authors of the paper propose
a procedure which allows to eliminate variables with the smallest discriminating potential
based on the measurement of concentration of objects on the Kohonen self organising map
networks.

1 Introduction

An intensive development of computer technologies in recent years lead i.a. to an
enormous increase in the size of available databases. The question refers not only to
an increase in the number of recorded cases. An essential, qualitative change is the
increase of the number of variables describing a particular case. There are databases
where one object is described by over 2000 attributes. Such a great number of vari-
ables meaningfully changes the scale of problems connected with the analysis of
such databases. It results, inter alia, in problems of separation of the group structure
of studied objects. According to i.a. Milligan (1994, 1996, p. 348) the approach fre-
quently applied by the creators of databases who strive to describe the objects with
the possibly large number of variables is not only unnecessary but essentially erro-
neous. Adding several irrelevant variables to the set of studied variables may limit or
even eliminate the possibility of discovering the group structure of studied objects.
In the set of variables only such variables should be included, which (cf: Gordon
1999, p. 3), contribute to:

e an increase in the homogeneity of separate clusters,
* an increase in the heterogeneity among clusters,
* easier interpretation of features of clusters which were set apart.
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The reduction of the space of variables would also contribute to a considerable re-
duction of time of analyses and to apply much more refined, but at the same time
more sophisticated and time consuming methods of data analysis.

The problem of reduction of the set of variables is extremely important while
solving the classification problems. That is why a considerable attention was de-
voted to it in literature (cf.: Gnanadieskian, Kettenring, Tsao, 1995). It is possible to
distinguish three approaches to the development of an optimal set of variables:

1. weighing the variables — where each variable is given a weight which is related
to its relative importance in description of the studied problem,

2. selection of variables — consisting in the elimination of variables with the small-
est discriminating potential from the set of variables; this approach may be con-
sidered as a special case of the first approach where some variables are assigned
the weight of O — in the case of rejected variables and the weight of 1 in the case
of selected variables,

3. replacement of the original variables with artificial variables — this is a classical
statistical approach based on the analysis of principal components.

In the present paper a method of selecting variables based on the neural SOM net-
work belonging to the second of the above types of methods will be presented.

2 A proposition to reduce the number of variables

The Kohonen SOM network is a very attractive method of classifying multidimen-
sional data. As shown by Deboeck G. and Kohonen T. (1998) it is an efficient method
of sorting out complex data. It is also an excellent method of visualisation of multi-
dimensional data, examples supporting this supposition may be found in Vesanto J.
(1997). One of important properties of the SOM network is the possibility of visuali-
sation of shares of particular variables in a matrix of unified distances (an U-matrix).
Joint activation of particular neurons of the network is the sum of activations result-
ing from activation of particular variables. Since those components may be recorded
in a separate data vector, they may be analysed independently from one another.

Let us consider two simple examples. Figure 2 shows a set of 200 objects de-
scribed with 2 variables. It is possible to identify a clear structure of 4 clusters, each
made of 50 objects. The combination of both variables clearly differentiates the clus-
ters.

A SOM network was built for the above dataset with a hexagonal structure, with
a dimension of 17x17 neurons with a Gaussian neighbour function. The visualisation
of the matrix of unified distances (the U-matrix) is shown in Fig. 2. The colour of
particular segments indicates the distance, in which a given neuron is located in
relation to its neighbours. Since some neurons identify the studied objects, this colour
shows at the same time the distances between objects in the space of features. The
“wall” of higher distances is clearly visible. Large distances separate objects which
create clear clusters (concentrations). The share of both variables in the matrix of
unified distances (U-matrix) is presented in Fig. 2. It can be clearly observed, that
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Fig. 1. An exemplary dataset - set 1

variables 1 and 2 separate the set of objects, each variable dividing the set into two
parts. Both parts of the graph indicate extreme distances between objects located
there. This observation allows to say, that both variables are characterised with a
similar potential of discrimination of the studied objects. Since the boundary between
both parts is so “acute” it may be considered, that both variables have a considerable
potential to discriminate the studied objects.
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Fig. 2. The matrix of unified distances for the dataset 1
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Fig. 3. The share of variable 1 and 2 in the matrix of unified distances (U-matrix) - dataset 1

The situation is different in the second case. Like in the former case we observe
200 objects described with two variables, belonging to 4 clusters. The first vari-
able allows to easily classify objects into 4 clusters. The variable 2 does not have,
however, such potential, since the clusters are non-separable in relation to it. Fig. 2
presents the objects, while Fig. 2 shows the share of particular variables in the matrix
of unified distances (the U-matrix) based on the SOM network.

The analysis of distance between objects with the use of the two selected vari-
ables suggests, that variable 1 discriminates the objects very well. The borders be-
tween clusters are clear and easily discernible. It may be said that variable 1 has a
great discriminating potential. Variable 2 has, however, much worse properties. It is
not possible to identify clear clusters. Objects are rather uniformly distributed over
the SOM network. We can say that variable 2 does not have the discriminating po-
tential.

The application of the above procedure to assess the discriminating potential of
variables is also highly efficient in more complicated cases and may be successfully
applied in practice.

Its essential weakness is the fact, that for a large number of variables it becomes
time consuming and inefficient. A certain way to circumvent that weakness, if the
number of variables does not exceed several hundred, is to apply a preliminary group-
ing of variables. Very often, in socio-economic research, there are many variables
which are differently and to a different extent correlated with one another. If we
preliminarily distinguish the clusters of variables of similar properties, it will be pos-
sible to eliminate the variables with the smallest discriminating potential from each
cluster of variables. Each cluster of variables is analysed independently, what makes
the analysis easier. An exceptionally efficient method of classification of variables is
the SOM network which has a topology of a chain. In Figure 2 the SOM network
is shown, which classifies 58 economic and social variables describing 307 Polish
poviats (smallest territorial administration units in Poland) in 2004.

In particular clusters of variables their number is much smaller than in the entire
dataset and it is much easier to eliminate those variables with the smallest discrim-
inating potential. At the same time this procedure does not allow to eliminate all
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variables with similar properties, because they are located in one, not empty cluster.
Quite frequently, because of certain factual reasons we would like to retain some
variables, or prefer to retain at least one variable for each cluster.

For a great number of variables, above 100, a solely graphic analysis of discrim-
inating potential of variables would be inefficient. Thus it seems justified to look for
an analytical method of assessment of the discriminating potential of variables based
on the SOM network and the above observations.

One of the possible solutions results from the observation of the location of ob-
jects on the map of unified distances for variables. It can be observed, that the vari-
ables with a great discriminating potential are characterised with a higher object con-
centration on the map than the variables with a small potential. The variables with
a small discriminating potential are to an important extent rather uniformly located
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on the map. On the basis of this observation we propose to apply the concentration
indices on the SOM map in the assessment of discriminating potential of variables.
In the presented study we tested the two known concentration indices. The first one
is the concentration index based on entropy:

H
K =1— 1
=1 logy ) o
where:
n
H= Z pllog2 (2)
i=1

The second of proposed indices is the classical Gini concentration index:

1 . (,Mﬂ’l cum
Both indices were written in the form appropriate for individual data. It seems

that higher values of those coefficients should suggest variables with a greater dis-
criminating potential.

3 Applications and results

As a result of application of the proposed indices in the first example, the values
recorded in Table 1 were received (SOM network the same like in Fig 2).

The value of discriminating potential was initially assessed as high for both vari-
ables. The values of concentration coefficients for both variables were also similar!.

It is worth to note, that the value of coefficients is of no relevance here. The differences
between values of particular variables are more important.
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Table 1. Values of concentration coefficients for set 1.

Variable | K, Gini
1 0.0412  0.3612
2 0.0381  0.3438

The values of indices for variables from the second example are given in Table
2 (SOM network the same like in Fig 2). As it is possible to observe, the second
variable is characterised with much smaller values of concentration coefficients than
the first variable.

Table 2. Values of concentration coefficients for set 2.

Variable | K, Gini
1 0.0411  0.3568
2 0.0145  0.2264

It is compatible with observations based on graphic analysis, since the discrimi-
nating potential of the first variable was assessed as high, while the potential of the
second variable was assessed as low. The procedure of elimination of variables of
a low discriminating potential may be connected with a procedure of classification
of variables. Thus a situation may be prevented, where all variables of a given type
would be eliminated, if they were located in one cluster of variables only. Such prop-
erty will be desirable in many cases. A full procedure of elimination of variables is
presented in Fig. 3. It is a procedure consisting in several stages. In the first stage
the SOM network is built on the basis of all variables. Then the values of concentra-
tion coefficients are determined. In the second stage variables are classified on the
basis of the SOM network with a chain topology. Then, variables with the smallest
value of concentration coefficient are eliminated from each cluster of variables. In
the third stage a new SOM network is built for a reduced set of variables. In order
to assess, whether the elimination of particular variables leads to an improvement
in the resulting group structure, the value of one index of the quality of classifica-
tion should be identified. Among the better known ones it is possible to mention the
Calinski-Harabasz, Davies-Bouldin2, and Silhouette® indices. In the quoted research
the value of the Silhouette index was determined. Apart from its properties that allow
for a good assessment of the group structure of objects, this index allows to visualise
the belonging of objects to particular clusters, what is compatible with the idea of
studies based on graphic analysis proposed here. This procedure is repeated until the
number of variables in a cluster of variables is not smaller than a certain number

2 Compare: Milligan G.W., Cooper M.C. (1985), An examination of procedures for deter-
mining the number of clusters in data set. Psychometrika, 50(2), p. 159-179.

3 Rousseeuw PJ. (1987), Silhouettes: a graphical aid to the interpretation and validation of
cluster analysis. J. Comput. Appl. Math. 20, p. 53-65.
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determined in advance and the value of the Silhouette index increases. The appli-
cation of the above procedure (compare Fig. 3) for the determination of an optimal
set of variables in the description of Polish poviats is presented in Table 3. In the
presented analysis the reduction of variables was carried out on the basis of the Ke
concentration coefficient since it manifested several times higher differentiation of
particular variables than the Gini coefficient. The value of the Silhouette index for
the classification of poviats on the basis of all variables adopts the value of -0.07.
It suggests, that the group structure is completely false. Elimination of the variable
no. 24* clearly improves the group structure. In the subsequent iterations subsequent
variables are systematically eliminated, increasing the value of the Silhouette index.

After six iterations the highest value of the Silhouette index is achieved and the
elimination of further variables does not result in an improvement of the resulting
cluster structure. The cluster structure obtained after the reduction of 14 variables is
not very strong, but it is meaningfully better than the one resulting from the consid-
eration of all variables. The resulting classification of poviats is factually justified, it
is possible then to well interpret the clusters®.

Table 3. Values of the Silhouette index after the reduction of variables

Step | Removed Variables Global Silhouette Index
0 all var. -0.07
1 24 0.10
2 36 0.11
3 18, 43 0.11
4 1,2,3,6 0.13
5 3, 15, 26, 39 0.28
6 4,17 0.39
7 5,20, 23 0.38

4 Conclusions

The proposed method of selection of variables has numerous advantages. It is a fully
automatic procedure, compatible with the Data Mining philosophy of analyses. Sub-
stantial empirical experience of the authors suggest, that it leads towards a consider-
able improvement in the obtained group structure in comparison with the analysis of
the whole data set. It is more efficient the greater is the number of variables studied.

4 After each iteration the variables are renumbered anew, that is why in subsequent iterations
the same numbers of variables may appear.

5 Compare: Migdal Najman K., Najman K. (2003), Zastosowanie sieci neuronowej typu
SOM w badaniu przestrzennego zroZnicowania powiatow (Application of the SOM neural
network in studies of spatial differentiation of poviats), Wiadomosci Statystyczne, 4/2003,
p. 72-85
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Fig. 7. Procedure of determination of an optimal set of variables

This procedure may be also applied together with other methods of data classifica-
tion as a preprocessor. It is also possible to apply other measures of discriminating
potential than the concentration coefficients. It is also possible to use the measures
based on the distance between objects on the SOM map.

The proposed method is, however, not devoid of flaws. Its application should be
preceded with a subjective determination of a minimum number of variables in a
single cluster of variables. There are no factual indications, how great that number
should be. This method is also very sensitive to the quality of the SOM network
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itself®. Since the learning algorithm of the SOM network is not deterministic, in
subsequent iterations it is possible to obtain a network with very weak discriminating
properties. In such a situation the value of the Silhouette index in subsequent stages
of variable reduction may not be monotone, what would make the interpretation
of obtained results substantially more difficult. At the end it is worth to note that
for large databases the repetitive construction of the SOM networks may be time
consuming and may require a large computing capacity of the computer equipment
used.

In the opinion of the authors the presented method proved its utility in numerous
empirical studies and may be successfully applied in practice.
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Abstract. Margin-based classifiers like the SVM and ANN have two drawbacks. They are
only directly applicable for two—class problems and they only output scores which do not
reflect the assessment uncertainty. K—class assessment probabilities are usually generated by
using a reduction to binary tasks, univariate calibration and further application of the pairwise
coupling algorithm. This paper presents an alternative to coupling with usage of the Dirichlet
distribution.

1 Introduction

Although many classification problems cover more than two classes, the margin—
based classifiers such as the Support Vector Machine (SVM) and Artificial Neural
Networks (ANN), are only directly applicable to binary classification tasks. Thus,
tasks with number of classes K greater than 2 require a reduction to several binary
problems and a following combination of the produced binary assessment values to
just one assessment value per class.

Before this combination it is beneficial to generate comparable outcomes by cali-
brating them to probabilities which reflect the assessment uncertainty in the binary
decisions, see Section 2. Analyzes for calibration of dichotomous classifier scores
show that the calibrators using Mapping with Logistic Regression or the Assign-
ment Value idea are performing best and most robust, see Gebel and Weihs (2007).
Up to date, pairwise coupling by Hastie and Tibshirani (1998) is the standard ap-
proach for the subsequent combination of binary assessment values, see Section 3.
Section 4 presents a new multi—class calibration method for margin—based classifiers
which combines the binary outcomes to assessment probabilities for the K classes.
This method based on the Dirichlet distribution will be compared in Section 5 to the
coupling algorithm.
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2 Reduction to binary problems

Regard a classification task based on training set 7 := {(x;,¢;),i = 1,...,N} with x;
being the ith observation of random vector X of p feature variables and respective
class¢; € C={1,...,K} which is the realisation of random variable C determined by
a supervisor. A classifier produces an assessment value or score Sygmop (C = k|X;) for
every class k € C and assigns to the class with highest assessment value. Some clas-
sification methods generate assessment values Pygmion(C = k|X;) which are regarded
as probabilties that represent the assessment uncertainty. It is desirable to compute
these kind of probabilities, because they are useful in cost—sensitive decisions and
for the comparison of results from different classifiers.

To generate assessment values of any kind, margin-based classifiers need to re-
duce multi—class tasks to seveal binary classfication problems. Allwein et al. (2000)
generalize the common methods for reducing multi—class into B binary problems
such as the one—against—rest and the all-pairs approach with using so—called error—
correcting output coding (ECOC) matrices. The way classes are considered in a
particular binary task b € {1,...,B} is incorporated into a code matrix ¥ with K
rows and B columns. Each column vector ; determines with its elements g, €
{—1,0,+1} the classes for the bth classification task. A value of Yy, = 0 implies
that observations of the respective class k are ignored in the current task b while —1
and +1 determine whether a class k is regarded as the negative and the positive class,
respectively.

One—against-rest approach

In the one—against—rest approach the number of binary classification tasks B is equal
to the number of classes K. Each class is considered once as positive while all the
remaining classes are labeled as negative. Hence, the resulting code matrix ¥ is of
size K x K, displaying +1 on the diagonal while all other elements are —1.

All-pairs approach

In the all-pairs approach one learns for every single pair of classes a binary task b in
which one class is considered as positive and the other one as negative. Observations
which do not belong to either of these classes are omitted in the learning of this

K
binary task. Thus, Wis a K x ( ’ ) —matrix with each column b consisting of elements

Wi, » = +1 and yy, , = —1 corresponding to a distinct class pair (ky,k2) while all
the remaining elements are 0.

3 Coupling probability estimates
As described before, the reduction approaches apply to each column v of the code

matrix V, i. e. binary task b, a classification procedure. Thus, the output of the reduc-
tion approach consists of B score vectors s ,(x;) for the associated positive class.
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To each set of scores separately one of the univariate calibration methods described
in Gebel and Weihs (2007) can be applied. The outcome is a calibrated assessment
probability p. ;(x;) which reflects the probabilistic confidence in assessing observa-
tion x; for task b to the set of positive classes K 1 := {k;\uk,h = —H} as opposed to
the set of negative classes &), _ := {k; Yip=—1 } Hence, this calibrated assessment
probability can be regarded as function of the assessment probabilities involved in

the current task:
) = St PC=kR)
P+.p\Xi) = .
l Zkeﬁb.+uﬁb., P(C = k‘xi)

The values P(C = k|x;) solving equation (1) would be the assessment probabilities
that reflect the assessment uncertainty. However, considering the additional con-
straint to assessment probabilities

ey

K

> P(C=klx) =1 )

k=1

there exist only K — 1 free parameters P(C = k|x;) but at least K equations for the
one-against-rest approach and even more for all-pairs (K(K — 1) /2). Since the num-
ber of free parameters is always smaller than the number of constraints, no unique
solution for the calculation of assessment probabilities is possible and an approxima-
tive solution has to be found instead. Therefore, Hastie and Tibshirani (1998) supply
the coupling algorithm which finds the estimated conditional probabilities py 5(x;)
as realizations of a Binomial distributed random variable with an expected value y ;
in a way that

*  pi15(x;) generate unique assessment probabilities P(C = k|x;),
+  P(C = k|x;) meet the probability constraint (2) and
*  pr1p(x;) have minimal Kullback-Leibler divergence to observed p. (X;).

4 Dirichlet calibration

The idea underlying the following multivariate calibration method is to transform the
combined binary classification task outputs into realizations of a Dirichlet distributed
random vector P~ D(hy, ..., hg) and regard the elements as assessment probabilities
Py := P(C = k|x).

Due to the concept of well—calibration by DeGroot and Fienberg (1983), we want to
achieve that the confidence in the assignment to a particular class converges to the
probability for this class. This requirement can be easily attained with a Dirichlet
distributed random vector by choosing parameters /; proportional to the a—priori
probabilities Ty, ..., Mk of classes, since elements P, have expected values E(P;) =

i/ 25:1 h;.
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Dirichlet distribution
A random vector P = (P, ..., Px) generated by

Sk
K
Zj:l S

with K independently x>—distributed random variables S ~ %> (2 - i) is Dirichlet
distributed with parameters ky,. .., hg, see Johnson et al. (2002).

P, = (k=1,2,...,K)

Dirichlet calibration

Initially, instead of applying a univariate calibration method we normalize the output
vectors s; 11, by dividing them by their range and add half the range so that boundary
values (s = 0) lead to boundary probabilities (p = 0.5):

Sip1,b P -maxi|si 11|
2-p-maxi|si 11|

; 3

Pi+1,p =

since the doubled maximum of absolute values of scores is the range of scores. It is
required to use a smoothing factor p = 1.05 in (3) so that p; 11, € 10,1[, since we
calculate in the following the geometric mean of associated binary proportions for
eachclass k € {1,....K}

1
s}

ik = H Dit1p- H (1—=pi+1p)

by p=+1 by p=—1

This mean confidence is regarded as a realization of a Beta distributed random vari-
able Ry ~ B(ay,Px) and parameters oy and 3 are estimated from the training set
by the method of moments. We prefer the geometric to the arithmetic mean of pro-
portions, since the product is well applicable for proportions, especially when they
are skewed. Skewed proportions are likely to occur when using the one—against-rest
approach in situations with high class numbers, since here the number of negative
strongly outnumber the positive class observations.

To derive a multivariate Dirichlet distributed random vector, the r; can be trans-
formed to realizations of a uniformly distributed random variable

ik 1= g, (12)

By using the inverse of the y>~distribution function these uniformly distributed ran-
dom variables are further transformed into y>—distributed random variables. The re-

alizations of a Dirichlet distributed random vector P ~ D(hy,. .., hk) with elements
Eo, (uig)
PO Xy D
Pik =

K -1
Zj:l sz,h,« (uif)
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are achieved by normalizing. New parameters Ay, ...,hg should be chosen propor-
tional to frequencies 71,...,mg of the particular classes. In the optimization proce-
dure we choose the factor m = 1,2,...,2- N with respective parameters h; = m - T
which score highest on the training set in terms of performance, determined by the
geometric mean of measures (4), (5) and (6).

5 Comparison

This section supplies a comparison of the presented calibration methods based on
their performance. Naturally, the precision of a classification method is the major
characteristic of its performance. However, a comparison of classification and cal-
ibration methods just on the basis of the precision alone, results in a loss of infor-
mation and would not include all requirements a probabilistic classifier score has
to fulfill. To overcome this problem, calibrated probabilities should satisfy the two
additional axioms:

» Effectiveness in the assignment and
e Well—calibration in the sense of DeGroot and Fienberg (1983).

Precision

The correctness rate

1
Cr=o D Tiny=c (xi) )
where I is the indicator function, is the key performance measure in classification,
since it mirrors the quality of the assignment to classes.
Effective assignment

Assessment probabilities should be effective in their assignment, i. e. moderately
high for true classes and small for false classes. An indicator for such an effectiveness
is the complement of the Root Mean Squared Error:

N K

1 1
1—RMSE :=1— NZ EZ (iepmig (%) — P(c; = k%)) . )
i=1 k=1

Well—calibrated probabilities

DeGroot and Fienberg (1983) give the following definition of a well—calibrated fore-
cast: “If we forecast an event with probability p, it should occur with a relative fre-
quency of about p.” To transfer this requirement from forecasting to classification
we partition the training/test set according to the assignment to classes into K groups
Ti := {(ci,x;) € T : &(x;) = k} with Ny, := |T;| observations. Thus, in a partition Ty
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the forecast is class k.

Predicted classes can differ from true classes and the remaining classes j # k can
actually occur in a partition 7. Therefore, we estimate the average confidence
Cfy ;= Nilrk wer, P (k|¢(x;) = j) for every class j in a partition T;. According to
DeGroot and Fienberg (1983) this confidence should converge to the average cor-
rectness Cry ; 1= NLT,‘ in €Ty Ij¢(x;)=j]- The average closeness of these two measures

K K
1
WCR:zl—EE E |Cfyj — Cry ©)
k=1 j=1

indicates how well—calibrated the assessment probabilities are.

On the one hand, the minimizing “probabilities” for the RMSE (5) can be just the
class indicators especially if overfitting occurs in the training set. On the other hand,
vectors of the individual correctness values maximize the WCR (6). To overcome
these drawbacks, it is convenient to combine the two calibration measures by their
geometric mean to the calibration measure

Cal := /(1 -RMSE)-WCR.. (7
Experiments

The following experiments are based on the two three—class data sets Iris and
balance—scale from the UCI ML—Repository as well as the four—class data set B3,
see Newman et al. (1998) and Heilemann and Miinch (1996), respectively.

Recent analyzes on risk minimization show that the minimization of a risk based on
the hinge loss which is usually used in SVM leads to scores without any probability
information, see Zhang (2004). Hence, the L2-SVM, see Suykens and Vandewalle
(1999), with using the quadratic hinge loss function and thus squared slack variables
is preferred to standard SVM. For classification we used the L2-SVM with radial—
basis Kernel function and a Neural Network with one hidden layer, both with the
one—against-rest and the all-pairs approach. In every binary decision a separate 3—
fold cross—validation grid search was used to find optimal parameters.

The results of the analyzes with 10—fold cross—validation for calibrating L2-SVM
and ANN are presented in Tables 1-2, respectively.

Table 1 shows that for L2-SVM no overall best calibration method is available. For
the Iris data set all—pairs with mapping outperforms the other methods, while for B3
the Dirichlet calibration and the all-pairs method without any calibration are per-
forming best. Considering the balance—scale data set, no big differences according
to correctness occur for the calibrators.

However, comparing these results to the ones for ANN in Table 2 shows that the
ANN, except the all-pairs method with no calibration, yields better results for all
data sets.

Here, the one—against—rest method with usage of the Dirichlet calibrator outper-
forms all other methods for Iris and B3. Considering Cr and Cal for balance—scale,
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Table 1. Results for calibrating L2-SVM-scores

Iris B3 balance

Cr Cal Cr Cal Cr Cal
Paii—pairs,no 0.853 0.497 0.720 0.536  0.877 0.486
Pall—pairs,map 0.940 0.765 0.688 0.656  0.886 0.859
Palpairs,assign~ 0.927 0.761  0.694 0.677  0.886 0.832
Paii—pairs,Dirichter 0.893 0.755  0.720 0.688  0.888 0.771
Pi_y_restno 0.833 0.539 0.688 0.570  0.885 0.464
P1_y_rest,map 0.873 0.647 0.682 0.563 0.878 0.784
P_y_restassign  0-867 0.690  0.701 0.605  0.885 0.830
Pi_y_rest Dirichlet 0.880 0.767  0.726 0.714  0.880 0.773

Table 2. Results for calibrating ANN—scores

Iris B3 balance

Cr Cal Cr Cal Cr Cal
Pall—pairs,no 0.667 0.614 0.490 0.573 0.302 0.414
Pall_pairs,map 0.973 0909 0.752 0.756  0.970 0.946
Paiipairs,assign~ 0.960 0.840 0771 0.756  0.954 0.886
Pail_pairs,Dirichter. 0953 0.892  0.777 0.739  0.851 0.619
Pi_y_restno 0.973 0.618 0.803 0.646  0.981 0.588
P|_y_restmap 0.973 0942 0.803 0.785 0.978 0.921
Pi_y_restassign 0973 0.896  0.796 0.752  0.976 0.829
Pi_y_rest.Dirichlet 0.973 0.963  0.815 0.809  0.971 0.952

Table 3. Comparing to direct classification methods

Iris B3 balance

Cr Cal Cr Cal Cr Cal
PANN, 1-v—rest.Dirichlet 0.973 0.963 ~ 0.815 0.809  0.971 0.952
Pipa 0.980 0972 0.713 0.737  0.862 0.835
Popa 0.980 0969 0.771 0.761 0.914 0.866
PLogistic Regression 0.973 0964 0.561 0.633 0.843 0.572
Prree 0.927 0.821  0.427 0.556  0.746 0.664
PNaive Bayes 0.947 0936 0.650 0.668 0.904 0.710

one—against-rest with mapping performs best, but with correctness just slightly bet-

ter than the Dirichlet calibrator.

Finally, the comparison of the one—against-rest ANN with Dirichlet calibration to
other direct classification methods in Table 3 shows that for Iris LDA and QDA are
the best classifiers, since the Iris variables are more or less multivariate normally dis-
tributed. Considering the two further data sets the ANN yields highest performance.
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6 Conclusion

In conclusion it is to say that calibration of binary classification outputs is beneficial
in most cases, especially for an ANN with the all—pairs algorithm.

Comparing classification methods to each other, one can see that the ANN with one—
against—rest and Dirichlet calibration performs better than other classifiers, except
LDA and QDA on Iris. Thus, the Dirichlet calibration is a nicely performing alter-
native, especially for ANN. The Dirichlet calibration yields better results with usage
of one—against—all, since combination of outputs with their geometric mean is bet-
ter applicable in this case where outputs are all based on the same binary decisions.
Furthermore, the Dirichlet calibration has got the advantage that here only one opti-
mization procedure has to be computed instead of the two steps for coupling with an
incorporated univariate calibration of binary outputs.
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Abstract. Kernel methods offer a flexible toolbox for pattern analysis and machine learn-
ing. A general class of kernel functions which incorporates known pattern invariances are
invariant distance substitution (IDS) kernels. Instances such as tangent distance or dynamic
time-warping kernels have demonstrated the real world applicability. This motivates the de-
mand for investigating the elementary properties of the general IDS-kernels. In this paper we
formally state and demonstrate their invariance properties, in particular the adjustability of
the invariance in two conceptionally different ways. We characterize the definiteness of the
kernels. We apply the kernels in different classification methods, which demonstrates various
benefits of invariance.

1 Introduction

Kernel methods have gained large popularity in the pattern recognition and machine
learning communities due to the modularity of the algorithms and the data repre-
sentations by kernel functions, cf. (Scholkopf and Smola (2002)) and (Shawe-Taylor
and Cristianini (2004)). It is well known that prior knowledge of a problem at hand
must be incorporated in the solution to improve the generalization results. We ad-
dress a general class of kernel functions called IDS-kernels (Haasdonk and Burkhardt
(2007)) which incorporates prior knowledge given by pattern invariances.

The contribution of the current study is a detailed formalization of their basic
properties. We both formally characterize and illustratively demonstrate their ad-
justable invariance properties in Sec. 3. We formalize the definiteness properties in
detail in Sec. 4. The wide applicability of the kernels is demonstrated in different
classification methods in Sec. 5.
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2 Background

Kernel methods are general nonlinear analysis methods such as the kernel princi-
pal component analysis, support vector machine, kernel perceptron, kernel Fisher
discriminant, etc. (Scholkopf and Smola (2002)) and (Shawe-Taylor and Cristianini
(2004)). The main ingredient in these methods is the kernel as a similarity measure
between pairs of patterns from the set X.

Definition 1 (Kernel, definiteness). A function k : X x X — R which is symmetric
is called a kernel. A kernel k is called positive definite (pd), if for all n and all sets of
observations (x;);_; € X" the kernel matrix K := (k(x;,x;))} ,_, satisfies vIKv >0
for all v € R™. If this only holds for all v satisfying v' 1 = 0, the kernel is called
conditionally positive definite (cpd).

We denote some particular />-inner-product (-,-) and />-distance |- — -|| based ker-
nels by K"(x,x) := (x,x'), k" (x,x') := — ||X—X’||B for B € [0,2], k" (x,x') :=

(14 (x,x))? kP (x,x) := e*YH"*"'H2 for p € N,y € R... Here, the linear k'™, poly-
nomial kP°' and Gaussian radial basis function (rbf) k™ are pd for the given param-
eter ranges. The negative distance kernel kg cpd (Scholkopf and Smola (2002)).
We continue with formalizing the prior knowledge about pattern variations and cor-
responding notation:

Definition 2 (Transformation knowledge). We assume to have transformation
knowledge for a given task, i.e. the knowledge of a set T = {t : X — X} of trans-
formations of the object space including the identity, i.e. id € T. We denote the set
of transformed patterns of x € X as T, := {t(x)|t € T'} which are assumed to have
identical or similar inherent meaning as x.

The set of concatenations of transformations from two sets 7,7’ is denoted as
T oT’. The n-fold concatenation of transformations 7 are denoted as /"1 := 70", the
corresponding sets denoted as 7! := T oT". If all ¢ € T are invertible, we denote
the set of inverted functions as 7~!. We denote the semigroup of transformations

generated by T as T := | J,.y T". The set T induces an equivalence relation on X

by x ~x' :< there exist 7,/ € T such that (x) = ¢'(x’). The equivalence class of x is
denoted with E and the set of all equivalence sets is X /...

Learning targets can often be modeled as functions of several input objects, for
instance depending on the training data and the data for which predictions are re-
quired. We define the desired notion of invariance:

Definition 3 (Total Invariance). We call a function f : X" — H totally invariant
with respect to T, if for all patterns x1,...,x, € X and transformations t,...,t, € T
holds f(x1,...,x,) = f(t1(x1)s- - 10 (xn))-

As the IDS-kernels are based on distances, we define:
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Definition 4 (Distance, Hilbertian Metric). A function d : X x X — R is called a
distance, if it is symmetric and nonnegative and has zero diagonal, i.e. d(x,x) = 0.

A distance is a Hilbertian metric if there exists an embedding into a Hilbert space
® : X — H such that d(x,x") = ||®(x) — D(X)]| .

So in particular the triangle inequality does not need to be valid for a distance
function in this sense. Note also that a Hilbertian metric can still allow d(x,x') =0
for x # x'.

Assuming some distance function d on the space of patterns X enables to incor-
porate the invariance knowledge given by the transformations 7" into a new dissimi-
larity measure.

Definition 5 (Two-Sided invariant distance). For a given distance d on the set X
and some cost function Q : T x T — R with Q(t,t') =0 <1 =1 = id, we define
the two-sided invariant distance as

drs(x,x') := inf d(t(x),t'(x')) +AQ(¢,1). 1)

For A = 0 the distance is called unregularized. In the following we exclude artifi-
cial degenerate cases and reasonably assume that limy_.. das(x,x") = d(x,x") for all
x,x". The requirement of precise invariance is often too strict for practical problems.
The points within 7, are sometimes not to be regarded as identical to x, but only as
similar, where the similarity can even vary over 7,. An intuitive example is optical
character recognition, where the similarity of a letter and its rotated version is de-
creasing with growing rotation angle. This approximate invariance can be realized
with IDS-kernels by choosing A > 0.

With the notion of invariant distance we define the invariant distance substitution
kernels as follows:

Definition 6 (IDS-Kernels). For a distance-based kernel, i.e. k(x,x') = f(||[x —x||),
and the invariant distance measure dys we call kips(x,x) := f(das(x,x")) its invari-
ant distance substitution kernel (IDS-kernel). Similarly, for an inner-product-based
kernel k, i.e. k(x,X') = f((x,X')), we call kips(x,x') := f((x,x')°) its IDS-kernel,
where O € X is an arbitrary origin and a generalization of the inner product is given
by (x,x)? := — L (dos(x,X')% — das(x,0)* — dos(x',0)?).

The IDS-kernels capture existing approaches such as tangent distance or dynamic
time-warping kernels which indicates the real world applicability, cf. (Haasdonk
(2005)) and (Haasdonk and Burkhardt (2007)) and the references therein.

Crucial for efficient computation of the kernels is to avoid explicit pattern trans-
formations by using or assuming some additional structure on 7. An important com-
putational benefit of the IDS-kernels must be mentioned, which is the possibility to
precompute the distance matrices. By this, the final kernel evaluation is very cheap
and ordinary fast model selection by varying kernel or training parameters can be
performed.
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3 Adjustable invariance

As first elementary property, we address the invariance. The IDS-kernels offer two
possibilities for controlling the transformation extent and thereby interpolating be-
tween the invariant and non-invariant case. Firstly, the size of T can be adjusted.
Secondly, the regularization parameter A can be increased to reduce the invariance.
This is summarized in the following:

Proposition 1 (Invariance of IDS-Kernels).

i) If T ={id} and d is an arbitrary distance, then kips = k.

ii) Ifallt €T are invertible, then distance-based unregularized IDS-kernels kips(+,x)
are constant on (T ' o T),.

iii) If T =T and T—' =T, then unregularized IDS-kernels are totally invariant with
respectto T.

iv) If d is the ordinary Euclidean distance, then lim,_,., kjps = k.

Proof. Statement 1) is obvious from the definition, as d>s = d in this case. Simi-
larly, iv) follows as lim;_,.,d>s = d. For statement ii), we note that if x’ € (T*l o
T)y, then there exist transformations 7,7 € T such that 7(x) = #'(x’) and conse-
quently dag(x,x’) = 0. So any distance-based kernel kjps is constant on this set
(T~'oT),. For proving iii) we observe that for ,¢' € T holds dps(t(x),f’ (X)) =
inf, d(t(t(x)),7' (' (x'))) > inf, s d(t(x),7'(x')) = dos(x,x’). Using the same argu-
mentation with #(x) for x, t~! for ¢ and similar replacements for x',¢’ yields
das(x,x') > das(t(x),1'(x')), which gives the total invariance of dps and thus for all
unregularized IDS-kernels.

Points i) to iii) imply that the invariance can be adjusted by the size of 7'. Point ii)
implies that the invariance occasionally exceeds the set 7. If for instance T is closed
with respect to inversions,i.e. T =T~ I then the set of constant values is (Tz)x. Point
iii) and iv) indicate that A can be used to interpolate between the full invariant and
non-invariant case.

We give simple illustrations of the proposed kernels and these adjustability mech-
anisms in Fig. 1. For the illustrations, our objects are simply points in two dimen-
sions and several transformations define sets of points to be regarded as similar. We
fix one argument x’ (denoted with a black dot) of the kernel, and the other argument
X is varying over the square [—1,2]? in the Euclidean plane. We plot the different
resulting kernel values k(x,x’) in gray-shades. All plots generated in the sequel can
be reproduced by the MATLAB library KerMet-Tools (Haasdonk (2005)).

In Fig. 1 a) we focus on a linear shift along a certain slant direction while in-
creasing the transformation extent, i.e. the size of 7. The figure demonstrates the
behaviour of the linear unregularized IDS-kernel, which perfectly aligns to the trans-
formation direction as claimed by Prop. 1 i) to iii). It is striking that the captured
transformation range is indeed much larger than 7" and very accurate for the IDS-
kernels as promised by Prop. 1 ii).

The second means for controlling the transformation extent, namely increasing
the regularization parameter A, is also applicable for discrete transformations such
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Fig. 1. Adjustable invariance of IDS-kernels. a) Linear kernel k}iBS with invariance wrt. linear
shifts, adjustability by increasing transformation extent by the set 7, A = 0, b) kernel k; Ds With

combined nonlinear and discrete transformations, adjustability by increasing regularization
parameter A.

as reflections and even in combination with continuous transformations such as ro-
tations, cf. Fig. 1 b). We see that the interpolation between the invariant and non-
invariant case as claimed in Prop. 1 ii) and iv) is nicely realized. So the approach is
indeed very general concerning types of transformations, comprising discrete, con-
tinuous, linear, nonlinear transformations and combinations thereof.

4 Positive definiteness

The second elementary property of interest, the positive definiteness of the kernels,
can be characterized as follows by applying a finding from (Haasdonk and Bahlmann
(2004)):

Proposition 2 (Definiteness of Simple IDS-Kernels). The following statements are
equivalent: i) dys is a Hilbertian metric

ii) kIS is cpd for all B € [0,2] iii) ki is pd
iv) Ko is pd forally e R, v) kygls ispdforallpe N,yeR,.

So the crucial property, which determines the (c)pd-ness of IDS-kernels is, whether
the dps is a Hilbertian metric. A practical criterion for disproving this is a violation
of the triangle inequality. A precise characterization for d»g being a Hilbertian metric
is obtained from the following.

Proposition 3 (Characterization of d»s as Hilbertian Metric). The unregularized
das is a Hilbertian metric if and only if dygs is totally invariant with respect to T and
dys induces a Hilbertian metric on X/ .
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Proof. Let dps be a Hilbertian metric, i.e. dag(x,x’) = ||®(x) — ®(x')||. For prov-
ing the total invariance wrt. T it is sufficient to prove the total invariance wrt. T
due to transitivity. Assuming that for some choice of patterns/transformations holds
dys(x,x") # das(t(x),1'(x")) a contradiction can be derived: Note that dps(z(x),x’)
differs from one of both sides of the inequality, without loss of generality the left
one, and assume das(x,x') < das(¢(x),x’). The definition of the two-sided distance
implies das(x,7(x)) = infy d(t'(x),1" (t(x))) = 0 via ¢’ := ¢ and ¢” = id. By the
triangle inequality, this gives the desired contradiction das(x,x") < dag(t(x),x’) <
drs(1(x),x) + das(x,x') = 0+ das(x,x’). Based on the total invariance, dag(-,x”)
is constant on each E € X/.: For all x ~ x’ transformations ¢, exist such that
t(x) =1'(X'). So we have dys(x,x") = das(t(x),x") = das('(x'),x") = dos(x',x"), i.e.
this induces a well defined function on X /... by das(E,E’) := dag(x(E),x(E")). Here
x(E) denotes one representative from the equivalence class E € X /... Obviously, das
is a Hilbertian metric. via ®(E) := ®(x(E)). The reverse direction of the proposition
is clear by choosing ®(x) := ®(Ey,).

Precise statements for or against pd-ness can be derived, which are solely based on
properties of the underlying 7 and base distance d:

Proposition 4 (Characterization by d and 7).

i) If T is too small compared to T in the sense that there exists X' € Ty, but
d(T,Ty) > 0, then the unregularized dys is not a Hilbertian metric.

ii) If d is the Euclidean distance in a Euclidean space X and T, are parallel affine
subspaces of X then the unregularized d»s is a Hilbertian metric.

Proof. For i) we note that d(Ty, T) =inf, yc7 d(t(x),t' (x’)) > 0. So das is not totally
invariant with respect to 7" and not a Hilbertian metric due to Prop. 3. For statement
ii) we can define the orthogonal projection ® : X — # := (Tp)* on the orthog-
onal complement of the linear subspace through the origin O, which implies that
dys(x,x') = d(®(x),D(x')) and all sets 7, are projected to a single point ®(x) in
(Tp)™*. So dys is a Hilbertian metric.

In particular, these findings allow to state that the kernels on the left of Fig. 1 are
not pd as they are not totally invariant wrt. 7. On the contrary, the extension of the
upper right plot yields a pd kernel, as soon as T, are complete affine subspaces. So
these criteria can practically decide about the pd-ness of IDS-kernels.

If IDS-kernels are involved in learning algorithms, one should be aware of the
possible indefiniteness, though it is frequently no relevant disadvantage in practice.
Kernel principal component analysis can work with indefinite kernels, the SVM is
known to tolerate indefinite kernels and further kernel methods are developed that
accept such kernels. Even if an IDS-kernel can be proven by the preceding to be
non-(c)pd in general, for various kernel parameter choices or a given dataset, the
resulting kernel matrix can occasionally still be (¢)pd.
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Fig. 2. Illustration of non-invariant (upper row) versus invariant (lower row) kernel meth-
ods. a) Kernel k-nn classification with k™ and scale-invariance, b) kernel perceptron with
kP! of degree 2 and y-axis reflection-invariance, c) one-class-classification with K" and sine-
invariance, d) SVM with k™ and rotation invariance.

5 Classification experiments

For demonstration of the practical applicability in kernel methods, we condense the
results on classification with IDS-kernels from (Haasdonk and Burkhardt (2007)) in
Fig. 2. That study also gives summaries of real-world applications in the fields of
optical character recognition and bacteria-recognition.

A simple kernel method is the kernel nearest-neighbour algorithm for classifi-
cation. Fig. 2 a) is the result of the kernel 1-nearest-neighbour algorithm with the
k™ and its scale-invariant k}',’)fs kernel, where the scaling sets T, are indicated with
black lines. The invariance properties of the kernel function obviously transfer to the
analysis method by IDS-kernels.

Another aspect of interest is the convergence speed of online-learning algorithms
exemplified by the kernel perceptron. We choose two random point sets of 20 points
each lying uniformly distributed within two horizontal rectangular stripes indicated
in Fig. 2 b). We incorporate the y-axis reflection invariance. By a random data draw-
ing repeated 20 times, the non-invariant kernel kP! of degree 2 results in 21.0046.59
update steps, while the invariant kernel kﬁ’gls converges much faster after 11.55+4.54
updates. So the explicit invariance knowledge leads to improved convergence prop-
erties.

An unsupervised method for novelty detection is the optimal enclosing hyper-
sphere algorithm (Shawe-Taylor and Cristianini (2004)). As illustrated in Fig. 2 ¢)
we choose 30 points randomly lying on a sine-curve, which are interpreted as nor-
mal observations. We randomly add 10 points on slightly downward/upward shifted
curves and want these points to be detected as novelties. The linear non-invariant &'
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results in an ordinary sphere, which however gives an average of 4.75 4+ 1.12 false
alarms, i.e. normal patterns detected as novelties, and 4.35 40.93 missed outliers, i.e.
outliers detected as normal patterns. As soon as we involve the sine-invariance by the
IDS-kernel we consistently obtain 0.00 £ 0.00 false alarms and 0.40 4= 0.50 misses.
So explicit invariance gives a remarkable performance gain in terms of recognition
or detection accuracy.

We conclude the 2D experiments with the SVM on two random sets of 20 points
distributed uniformly on two concentric rings, cf. Fig. 2 d). We involve rotation in-
variance explicitly by taking T as rotations by angles ¢ € [—7/2,7/2]. In the example
we obtain an average of 16.40 £ 1.67 SVs (indicated as black points) for the non-
invariant k" case, whereas the IDS-kernel only returns 3.40 & 0.75 SVs. So there
is a clear improvement by involving invariance expressed in the model size. This is
a determining factor for the required storage, number of test-kernel evaluations and
error estimates.

6 Conclusion

We investigated and formalized elementary properties of IDS-kernels. We have
proven that IDS-kernels offer two intuitive ways of adjusting the total invariance
to approximate invariance until recovering the non-invariant case for various dis-
crete, continuous, infinite and even non-group transformations. By this they build a
framework interpolating between invariant and non-invariant machine learning. The
definiteness of the kernels can be characterized precisely, which gives practical cri-
teria for checking positive definiteness in applications.

The experiments demonstrate various benefits. In addition to the model-inherent
invariance, when applying such kernels, further advantages can be the convergence
speed in online-learning methods, model size reduction in SV approaches, or im-
provement of prediction accuracy. We conclude that these kernels indeed can be
valuable tools for general pattern recognition problems with known invariances.
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Abstract. In this paper four local classification methods are described and their statistical
properties in the case of local data generating processes (LDGPs) are compared. In order to
systematically compare the local methods and LDA as global standard technique, they are
applied to a variety of situations which are simulated by experimental design. This way, it is
possible to identify characteristics of the data that influence the classification performances of
individual methods. For the simulated data sets the local methods on the average yield lower
error rates than LDA. Additionally, based on the estimated effects of the influencing factors,
groups of similar methods are found and the differences between these groups are revealed.
Furthermore, it is possible to recommend certain methods for special data structures.

1 Introduction

We consider four local classification methods that all use the Bayes decision rule.
The Common Components and the Hierarchical Mixture Classifiers, as well as Mix-
ture Discriminant Analysis (MDA), are based on mixture models. In contrast, the
Localized LDA (LLDA) relies on locally adaptive weighting of observations. Appli-
cation of these methods can be beneficial in case of local data generating processes
(LDGPs). That is, there is a finite number of sources where each one can produce
data of several classes. The local data generation by individual processes can be de-
scribed by local models. The LDGPs may cause, for example, a division of the data
set at hand into several clusters containing data of one or more classes. For such
data structures global standard methods may lead to poor results. One way to obtain
more adequate methods is localization, which means to extend global methods for
the purpose of local modeling. Both MDA and LLDA can be considered as localized
versions of Linear Discriminant Analysis (LDA).

In this paper we want to examine and compare some of the statistical properties of
the four methods. These are questions of interest: Are the local methods appropriate
to classification in case of LDGPs and do they perform better than global methods?
Which data characteristics have a large impact on the classification performances
and which methods are favorable to special data structures? For this purpose, in a
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simulation study the local methods and LDA as widely-used global technique are
applied systematically to a large variety of situations generated and simulated by ex-
perimental design.

This paper is organized as follows: First the four local classification methods are de-
scribed and compared. In section 3 the simulation study and its results are presented.
Finally, in section 4 a summary is given.

2 Local classification methods

2.1 Common Components Classifier - CC Classifier

The CC Classifier (Titsias and Likas (2001)) constitutes an adaptation of a radial ba-
sis function (RBF) network for class conditional density estimation with full sharing
of kernels among classes. Miller and Uyar (1998) showed that the decision func-
tion of this RBF Classifier is equivalent to the Bayes decision function of a classifier
where class conditional densities are modeled by mixtures with common mixture
components.

Assume that there are K given classes denoted by ci,...,ck. Then in the common
components model the conditional density for class ¢y is

Gee

fe(X|Ck):ZTEjkfej(x‘j) fork:la"'7K7 (1)
j=1

where 6 denotes the set of all parameters and 7 j; represents the probability P(j|cx).
The densities fp; (x]7), j=1,...,Gcc, with 8; denoting the corresponding parame-
ters, do not depend on c;. Therefore all class conditional densities are explained by
the same G¢c mixture components.

This implicates that the data consist of Gce groups that can contain observations of
all K classes. Because all data points in group j are explained by the same density
fo, (x] ) classes in single groups are badly separable. The CC Classifier can only
perform well if individual groups mainly contain data of a unique class. This is more
likely if the parameter G¢c is large. Therefore the classification performance de-
pends heavily on the choice of G¢c.

In order to calculate the class posterior probabilities the parameters 0; and the pri-
ors Tj; and Py := P(cy) are estimated based on maximum likelihood and the EM
algorithm. Typically, fp;(x|j) is a normal density with parameters 6; = {u;,%;}. A
derivation of the EM steps for the gaussian case is given in Titsias and Likas (2001),
p- 989.

2.2 Hierarchical Mixture Classifier — HM Classifier

The HM Classifier (Titsias and Likas (2002)) can be considered as extension of the
CC Classifier. We assume again that the data consist of Gy groups. But addition-
ally, we suppose that within each group j, j = 1,...,Gpwm, there are class-labeled
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subgroups that are modeled by the densities fp, (x|c, j) fork=1,..., K, where 6;
are the corresponding parameters. Then the unconditional density of x is given by a
three-level hierarchical mixture model

Gum

Zn,ZPk,fek, x| ek, J) )
j=1 k=1

with 1t; representing the group prior probability P(j) and Py; denoting the probability
P(ci | j). The class conditional densities take the form

Gum

fo (x Zn/kfek x|e,j) fork=1,... K, 3)

where 0y denotes the set of all parameters corresponding to class c¢. Here, the mix-
ture components fekj (x| ¢k, j) depend on the class labels ¢, and hence each class
conditional density is described by a separate mixture. This resolves the data repre-
sentation drawback of the common components model.

The hierarchical structure of the model is maintained when calculating the class pos-
terior probabilities. In a first step, the group membership probabilities P(j|x) are
estimated and, in a second step, based on P(j|x) estimates for 7, P; and ; are
computed. For calculating P(j|x) the EM algorithm is used. Typically, Jou,; (x| ek, J)
is the density of a normal distribution with parameters 0; = {14;,%;}. Details on
the EM steps in the gaussian case can be found in Titsias and Likas (2002), p. 2230.
Note that the estimate O ; is only provided if By ;> 0. Otherwise, it is assumed that
group j does not contain data of class ¢ and the associated subgroup is pruned.

2.3 Mixture Discriminant Analysis - MDA

MDA (Hastie and Tibshirani (1996)) is a localized form of Linear Discriminant Anal-
ysis (LDA). Applying LDA is equivalent to using the Bayes rule in case of normal
populations with different means and a common covariance matrix. The approach
taken by MDA is to model the class conditional densities by gaussian mixtures.
Suppose that each class ¢y is artificially divided into S; subclasses denoted by ¢y,
j=1,...,85 and define S := ZkK:l Sy as total number of subclasses. The subclasses
are modeled by normal densities with different mean vectors yy ; and, similar to LDA,
a common covariance matrix X. Then the class conditional densities are

fups(x Zn,kq% x|er ) fork=1,...,K, (4)

where u; denotes the set of all subclass means in class c; and 7, represents the prob-
ability P(cy;|cx). The densities ¢y, ; x(x|cx,cx;) of the mixture components depend
on c;. Hence, as in the case of the HM Classifier, the class conditional densities are
described by separate mixtures.
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Parameters and priors are estimated based on maximum likelihood. In contrast to the
hierarchical approach taken by the HM Classifier, the MDA likelihood is maximized
directly using the EM algorithm.

Let x € R?. LDA can be used as a tool for dimension reduction by choosing a
subspace of rank p* < min{p,K — 1} that maximally separates the class centers.
Hastie and Tibshirani (1996), p. 160, show that for MDA a dimension reduction sim-
ilar to LDA can be achieved by maximizing the log likelihood under the constraint
rank{uy;} = p* with p* <min{p,S—1}.

2.4 Localized LDA — LLDA

The Localized LDA (Czogiel et al. (2006)) relies on an idea of Tutz and Binder
(2005). They suggest the introduction of locally adaptive weights to the training data
in order to turn global methods into observation specific approaches that build in-
dividual classification rules for all observations to be classified. Tutz and Binder
(2005) consider only two class problems and focus on logistic regression. Czogiel et
al. (2006) extend their concept of localization to LDA by introducing weights to the
n nearest neighbors x(1),...,x(, of the observation x to be classified in the training
data set. These are given as

w(x7x(l-)) =W (W) @)

for i = 1,...,n, with W representing a kernel function. The Euclidean distance
dy(x) = Hx(,l) —xH to the farthest neighbor x(,) denotes the kernel width. The ob-
tained weights are locally adaptive in the sense that they depend on the Euclidean
distances of x and the training observations x;).

Various kernel functions can be used. For the simulation study we choose the kernel
Wy(y) = exp(—yy) that was found to be robust against varying data characteristics by
Czogiel et al. (2006). The parameter y € R™ has to be optimized.

For each x to be classified we obtain the n nearest neighbors in the training data
and the corresponding weights w (x,x@), i=1,...,n. These are used to compute
weighted estimates of the class priors, the class centers and the common covariance
matrix required to calculate the linear discriminant function. The relevant formulas
are given in Czogiel et al. (2006), p. 135.

3 Simulation study

3.1 Data generation, influencing factors and experimental design

In this work we compare the local classification methods in the presence of local data
generating processes (LDGPs). In order to simulate data for the case of K classes and
M LDGPs we use the mixture model
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Table 1. The chosen levels, coded by -1 and 1, of the influencing factors on the classification
performances determine the data generating model (equation (6)). The factor PUVAR defines
the proportion of useless variables that have equal class means and hence do not contribute to
class separation.

influencing factor model lfactor levej_ |
LP number of LDGPs M 2 4
PLP prior probabilities of LDGPs T unequal equal
DLP distance between LDGP centers M large small
CL number of classes K 3 6
PCL (conditional) prior probabilities of classes | Py; unequal equal
DCL  distance between class centers Ui j large small
VAR number of variables Micj> Zj 4 12
PUVAR proportion of useless variables U 0% 25%
DEP dependency in the variables 2y no yes
DND  deviation from the normal distribution T no yes

M K
fus@) = 3130 PT (G5, (xl e, ) ©6)
j=1 k=1

with u and X denoting the sets of all u;; and 2 ; and priors 7t; and Py;. The jth LDGP
is described by the local model Zszl P;T (q)#kj;kj (x] ex, ])) The transformation
of the gaussian mixture densities by the function 7" allows to produce data from non-
normal mixtures. In this work we use the system of densities by Johnson (1949) to
generate deviations from normality in skewness and kurtosis. If T is the identity the
data generating model equals the hierarchical mixture model in equation (2) with
gaussian subgroup densities and Gum = M.

We consider ten influencing factors which are given in Table 1. These factors de-
termine the data generating model. For example the factor PLP, defining the prior
probabilities of the LDGPs, is related to 7t; in equation (6) (cp. Table 1). We fix two
levels for every factor, coded by —1 and +1, which are also given in Table 1. In
general the low level is used for classification problems which should be of lower
difficulty, whereas the high level leads to situations where the premises of some
methods are not met (e.g. nonnormal mixture component densities) or the learning
problem is more complicated (e.g. more variables). For more details concerning the
choice of the factor levels see Schiffner (2006).

We use a fractional factorial 2!~3-design with tenfold replication leading to 1280
runs. For every run we construct a training data set with 3000 and a test data set
containing 1000 observations.

3.2 Results

We apply the local classification methods and global LDA to the simulated data sets
and obtain 1280 test data error rates r;, i = 1,. .., 1280, for every method. The chosen
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Table 2. Bayes errors and error rates of all classification methods with the specified param-
eters and mixture component densities on the 1280 simulated test data sets. R> denotes the
coefficients of determination for the linear regressions of the classification performances on
the influencing factors in Table 1.

mixture component error rate

method parameters . . . R?
densities minimum mean maximum
Bayes error - - 0.000  0.026  0.193 -
LDA - - 0.000 0.148 0.713 |0.901
CcCM Gec=M fo, =u; 3, 0.000 0.441 0.821 [0.871
CC MK Gcc=M-K Jo, = bu;3; 0.000 0.054 0.217 ]0.801
LLDA y=5, n=500 - 0.000 0.031 0.207 |0.869
MDA Sk=M - 0.000 0.042  0.205 |0.904
HM Gym =M Jor; = Ouy 3 0.000 0.036  0.202 [0.892

parameters, the group and subgroup densities assumed for the HM and CC Classi-
fiers and the resulting test data error rates are given in Table 2. The low Bayes errors
(cp. also Table 2) indicate that there are many easy classification problems. For the
data sets simulated in this study, in general, the local classification methods perform
much better than global LDA. An exception is the CC Classifier with M groups,
CC M, which probably suffers from the common components assumption in com-
bination with the low number of groups. The HM Classifier is the most flexible of
the mixture based methods. The underlying model is met in all simulated situations
where deviations from normality do not occur. Probably for this reason the error rates
for the HM Classifier are lower than for MDA and the CC Classifiers.

In order to measure the influence of the factors in Table 1 on the classification per-
formances of all methods we estimate their main and interaction effects by linear
regressions of In(odds(1 —r;)) =In((1—r;)/ri) € R, i=1,...,1280, on the coded
factors. Then an estimated effect of 1, e.g. of factor DND, can be interpreted as an
increase in proportion of hit rate to error rate by e ~ 2.7.

The coefficients of determination, R?, indicate a good fit of the linear models for
all classification methods (cp. Table 2), hence the estimated factor effects are mean-
ingful. The estimated main effects are shown in Figure 1. For the most important
factors CL, DCL and VAR they indicate that a small number of classes, a big distance
between the class centers and a high number of variables improve the classification
performances of all methods.

To assess which classification methods react similarly to changes in data character-
istics they are clustered based on the Euclidean distances in their estimated main
and interaction effects. The resulting dendrogram in Figure 2 shows that one group
is formed by the HM Classifier, MDA and LLDA which also exhibit similarities in
their theoretical backgrounds. In the second group there are global LDA and the lo-
cal CC Classifier with MK groups, CC MK. The factors mainly revealing differences
between CC M, which is isolated in the dendrogram, and the remaining methods are
CL, DCL, VAR and LP (cp. Figure 1). For the first three factors the absolute effects
for CC M are much smaller. Additionally, CC M is the only method with a positive
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Fig. 1. Estimated main effects of the influenc- Fig. 2. Hierarchical clustering of the classifi-
ing factors in Table 1 on the classification per- cation methods using average linkage based
formances of all methods on the estimated factor effects

estimated effect of LP, the number of LDGPs, which probably indicates that a larger
number of groups improves the classification performance (cp. the error rates of CC
MK in Table 2). The factor DLP reveals differences between the two groups found
in the dendrogram. In contrast to the remaining methods, for both CC Classifiers
as well as LDA small distances between the LDGP centers are advantageous. Local
modeling is less necessary, if the LDGP centers for individual classes are close to-
gether and hence, the global and common components based methods perform better
than in other cases.

Based on theoretical considerations, the estimated factor effects and the test data er-
ror rates, we can assess which methods are favorable to some special situations. The
estimated effects of factor LP and the error rates in Table 2 show that application of
the CC Classifier can be disadvantageous and is only beneficial in conjunction with
a big number of groups Gcc which, however, can make the interpretation of the re-
sults very difficult. However, for large M, problems in the E step of the classical EM
algorithm can occur for the CC and the HM Classifiers in the gaussian case due to
singular estimated covariance matrices. Hence, in situations with a large number of
LDGPs MDA can be favorable because it yields low error rates and is insensible to
changes of M (cp. Figure 1), probably thanks to the assumption of a common covari-
ance matrix and dimension reduction.

A drawback of MDA is that the numbers of subclasses for all K classes have to be
specified in advance. Because of subgroup-pruning for the HM Classifier only one
parameter Gy has to be fixed.

If deviations from normality occur in the mixture components LLDA can be recom-
mended since, like CC M, the estimated effect of DND is nearly zero and the test
data error rates are very small. In contrast to the mixture based methods it is appli-
cable to data of every structure because it does not assume the presence of groups,
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subgroups or subclasses. On the other hand, for this reason, the results of LLDA are
less interpretable.

4 Summary

In this paper different types of local classification methods, based on mixture models
or locally adaptive weighting, are compared in case of LDGPs. For the mixture mod-
els we can distinguish the common components and the separate mixtures approach.
In general the four local methods considered in this work are appropriate to classifi-
cation problems in the case of LDGPs and perform much better than global LDA on
the simulated data sets. However, the common components assumption in conjunc-
tion with a low number of groups has been found very disadvantageous. The most
important factors influencing the performances of all methods are the numbers of
classes and variables as well as the distances between the class centers. Based on all
estimated factor effects we identified two groups of similar methods. The differences
are mainly revealed by the factors LP and DLP, both related to the LDGPs. For a
large number of LDGPs MDA can be recommended. If the mixture components are
not gaussian LLDA appears to be a good choice. Future work can consist in con-
sidering robust versions of the compared methods that can better deal, for example,
with deviations from normality.
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Abstract. The histological grade of a brain tumor is an important indicator for choosing the
treatment after resection. To facilitate objectivity and reproducibility, Iglesias et al. (1986)
proposed to use a standardized protocol of 50 histological features in the grading process.

We tested the ability of Support Vector Machines (SVM), Learning Vector Quantization
(LVQ) and Supervised Relevance Neural Gas (SRNG) to predict the correct grades of the
794 astrocytomas in our database. Furthermore, we discuss the stability of the procedure with
respect to errors and propose a different parametrization of the metric in the SRNG algorithm
to avoid the introduction of unnecessary boundaries in the parameter space.

1 Introduction

Although the histological grade has been recognized as one of the most powerful
predictors of the biological behavior of tumors and significantly affects the manage-
ment of patients, it suffers from low inter- and intraobserver reproducibility due to
the subjectivity inherent to visual observation. The common procedure for grading
is that a pathologist looks at the biopsy under a microscope and then classifies the
tumor on a scale of 4 grades from I to IV (see Fig. 1). The grades roughly correspond
to survival times: a patient with a grade I tumor can survive 10 or more years, while
a patient with a grade IV tumor dies with high probability within 15 month. Iglesias
et al. (1986) proposed to use a standardized protocol of 50 histological features in
addition to make grading of tumors reproducible and to provide data for statistical
analysis and classification.

The presence of these 50 histological features (Fig. 2) was rated in 4 categories
from O (not present) to 3 (abundant) by visual inspection of the sections under a
microscope. The type of astrocytoma was then determined by an expert and the cor-
responding histological grade between I and IV is assigned.
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Fig. 1. Pictures of biopsies under a microscope. The larger picture is healthy brain tissue
with visible neurons. The small pictures are tumors of increasing grade from left top to right
bottom. Note the increasing number of cell nuclei and increasing disorder.
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Fig. 2. One the 50 histological features: Concentric arrangement. The tumor cells build con-
centric formations with different diameters.

2 Algorithms

We chose LVQ (Kohonen (1995)), SRNG (Villmann et al. (2002)) and SVM (Vap-
nik (1995)) to classify this high dimensional data set, because the generalization
error (expectation value of misclassification) of these algorithms does not depend on
the dimension of the feature space (Barlett and Mendelson (2002), Crammer et al.
(2003), Hammer et al. (2005)).

For the computations we used the original LVQ-PAK (Kohonen et al. (1992)),
LIBSVM (Chan and Lin (2001)) and our own implementation of SRNG, since to our
knowledge there exists no freely available package. Moreover for obtaining our best
results, we had to deviate in some respects from the description given in the original
article (Villmann et al. (2002)). In order to be able to discuss our modification we
briefly formulate the original algorithm.

2.1 SRNG

Let the feature space be R” and fix a discrete set of labels 9, a training set 7 C
R x 9 and a prototype set C C R" x 9.
The distance in feature space is defined to be
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n
dy (x, ) =Y hilxi — %]
i=1

with parameters A = (A1,...,A,) € R", A; > 0and > A; = 1. Given a sample (x,y) €
T, we define denote its distance to the closest prototype with a different label by
dy (x,y),

dy (x,y) := min{d(x, %)|(%,5) € C,y # J} -

We denote the set of all prototypes with label y by

Wy = {(%y) €C}

and enumerate its elements (¥,¥) according to their distance to (x,y)

120y (%3) := [{(£,9) € Wyld(%,x) <d(%x)}|.

Then the loss of a single sample (x,y) € T is given by

1 -~ dx(x,)?) — d}:
Lea(ey) == Y exp(y 'rgg,(%y))sed ( :
c oo, ), (x,%) +d,

where v is the neighborhood range, sgd = (1+exp(—x))~! the sigmoid function and

Wy|—1

~1
=y et
n=0

a normalization constant. The actual SRNG algorithm now minimizes the total loss
of the training set 7 C X

Lep(T) = Z Ly (x,y) (D

(xy)eT

by stochastic gradient descent with respect to the prototypes C and the parameters of
the metric A, while letting the neighborhood range y approach zero. This in particular
reduces the dependence on the initial choice of the prototypes, which is a common
problem with LVQ.

Stochastic gradient descent means here, that we compute the gradients VL and
VL of the loss function L (x,y) of a single randomly chosen element (x,y) of the
training set and replace C by C —ecVeL and A by A — ¢, V; L with small learning
rates €c > 10g), > 0. The different magnitude of the learning rates is important, be-
cause classification is primarily done using the prototypes. If the metric is allowed to
change too quickly, the algorithm will in most cases end in a suboptimal minimum.
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2.2 Modified SRNG

In our early experiments and while tuning SRNG for our task, we found two prob-
lems with the distance used in feature space.

The straight forward parametrization of the metric comes at the price of intro-
ducing the boundaries A; > 0, which in practice are often hit too early and knock
out the corresponding feature. Also, artificially setting negative A; to zero does slow
down the convergence process.

The other point is, that by choosing different learning rates €¢ and ¢, for proto-
types and metric parameters, we are no longer using the gradient of the given loss
function (1), which can also be problematic in the convergence process.

We propose using the following metric for measuring distance in feature space

n
dy (x,%) = Zer}” |x; 7)'5,'|2 ,
i=1

where the dependence on 2; is exponential and we introduce a scaling factor r > 0.
This definition avoids explicit boundaries for A; and r allows to adjust the rate of
change of the distance function relative to the prototypes. Hence this parametriza-
tion enables us to minimize the loss function by stochastic gradient descent without
treating prototypes and metric parameters separately.

3 Results

To test the prediction performance of the algorithms (Table 3), we divided the 794
cases (grade I: 156, grade I1: 362, grade III: 238, grade 4: 38) into 10 subsets of equal
size and grade distribution for cross validation.

For SVM we used a RBF kernel and let LIBSVM choose its two parameters.
LVQ performed best with 700 prototypes (which is roughly equal to the size of the
training set), a learning rate of 0.1 and 70000 iterations.

Choosing the right parameters for SRNG is a bit more complicated. After some
experiments using cross validation, we got the best results using 357 prototypes, a
learning rate of 0.01, a metric scaling factor » = 0.1 and a fixed neighborhood range
vy = 1. We stopped the iteration process once the classification results for the training
set got worse. An attempt to choose the parameters on a grid by cross validation over
the training set yielded a recognition rate of 77.47%, which is almost 2% below our
best result.

For practical applications, we also wanted to know how good the performance in
the presence of noise would be. If we prepare the testing set such that in 5% of the
features uniformly over all cases, a feature is ranked one class higher or lower with
equal probability, we still get 76.6% correct predictions using SVM and 73.1% with
SRNG. At 10% noise, the performance drops to 74.3% (SVM) resp. 70.2% (SRNG).
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Table 1. The classification results. The columns show how many cases of grade i where clas-
sified as grade j. For example, in SRNG grade 1 tumors were classified as grade 3 in 2.26%
of the cases.

4 0.00 | 0.00 | 4.20 |48.33
3 1.92 | 8.31 |70.18 |49.17 2.62 | 3.87 |77.30|46.67
2 ]/26.83(79.80|22.26 | 0.00 28.83|88.41 | 18.06| 2.50
I ||71.25|11.89| 3.35 | 2.50 1 68.54| 7.44 | 2.54 | 0.00

[LVQ] 1 [ 2 [ 3 [ 4 |[SRNG[[ 1 [ 2 [ 3 [ 4 |

0.00 | 0.28 | 2.10 |50.83

| W &

0.00 | 0.56 | 2.08 |53.33

067 | 3.60 |81.12|44.17
28218535 15.54] 2.50 [ Total [ LVQ [SRNG [ SVM |

1 [[71.12]10.50| 1.25 | 0.00 [200d [[73.69] 79.36 [79.74 ]
[SWM[[ 1 [ 2 [3 ] 4]

| W] &

4 Conclusions

We showed that the histological grade of the astrocytomas in our database can be
reliably predicted with Support Vector Machines and Supervised Relevance Neural
Gas from 50 histological features rated on a scale from 0 to 3 by a pathologist. Since
the attained accuracy is well above the concordance rates of independent experts
(Coons et al. (1997)), this is a first step towards objective and reproducible grading
of brain tumors.

Moreover we introduced a different distance function for SRNG, which in our
case improved convergence and reliability.
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Abstract. We consider distance-based similarity measures for real-valued vectors of interest
in kernel-based machine learning algorithms. In particular, a truncated Euclidean similarity
measure and a self-normalized similarity measure related to the Canberra distance. It is proved
that they are positive semi-definite (p.s.d.), thus facilitating their use in kernel-based methods,
like the Support Vector Machine, a very popular machine learning tool. These kernels may be
better suited than standard kernels (like the RBF) in certain situations, that are described in
the paper. Some rather general results concerning positivity properties are presented in detail
as well as some interesting ways of proving the p.s.d. property.

1 Introduction

One of the latest machine learning methods to be introduced is the Support Vector
Machine (SVM). It has become very widespread due to its firm grounds in statistical
learning theory (Vapnik (1998)) and its generally good practical results. Central to
SVMs is the notion of kernel function, a mapping of variables from its original space
to a higher-dimensional Hilbert space in which the problem is expected to be easier.
Intuitively, the kernel represents the similarity between two data observations. In the
SVM literature there are basically two common-place kernels for real vectors, one
of which (popularly known as the RBF kernel) is based on the Euclidean distance
between the two collections of values for the variables (seen as vectors).

Obviously not all two-place functions can act as kernel functions. The conditions
for being a kernel function are very precise and related to the so-called kernel matrix
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being positive semi-definite (p.s.d.). The question remains, how should the similarity
between two vectors of (positive) real numbers be computed? Which of these simi-
larity measures are valid kernels? There are many interesting possibilities that come
from well-established distances that may share the property of being p.s.d. There has
been little work on this subject, probably due to the widespread use of the initially
proposed kernel and the difficulty of proving the p.s.d. property to obtain additional
kernels.

In this paper we tackle this matter by examining two alternative distance-based
similarity measures on vectors of real numbers and show the corresponding kernel
matrices to be p.s.d. These two distance-based kernels could better fit some applica-
tions than the normal Euclidean distance and derived kernels (like the RBF kernel).
The first one is a truncated version of the standard Euclidean metric in R, which
additionally extends some of Gower’s work in Gower (1971). This similarity yields
more sparse matrices than the standard metric. The second one is inversely related
to the Canberra distance, well-known in data analysis (Chandon and Pinson (1971)).
The motivation for using this similarity instead of the traditional Euclidean-based
distance is twofold: (a) it is self-normalised, and (b) it scales in a log fashion, so that
similarity is smaller if the numbers are small than if the numbers are big.

The paper is organized as follows. In Section 2 we review work in kernels and
similarities defined on real numbers. The intuitive semantics of the two new kernels
is discussed in Section 3. As main results, we intend to show some interesting ways
of proving the p.s.d. property. We present them in full in Sections 4 and 5 in the
hope that they may be found useful by anyone dealing with the difficult task of
proving this property. In Section 6 we establish results for positive vectors which
lead to kernels created as a combination of different one-dimensional distance-based
kernels, thereby extending the RBF kernel.

2 Kernels and similarities defined on real numbers

We consider kernels that are similarities in the classical sense: strongly reflexive,
symmetric, non-negative and bounded (Chandon and Pinson (1971)). More specifi-
cally, kernels k for positive vectors of the general form:

k(xy) =1 Y gildi(xj.)) | (1
=1

where x;,y; belong to some subset of R, {dj};?:l are metric distances and
{f.8;}—, are appropriate continuous and monotonic functions in R U{0} mak-
ing the resulting k a valid p.s.d. kernel. In order to behave as a similarity, a natural
choice for the kernels k is to be distance-based. Almost invariably, the choice for
distance-based real number comparison is based on the standard metric in R. The
aggregation of a number n of such distance comparisons with the usual 2-norm
leads to Euclidean distance in R". It is known that there exist inverse transformations
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of this quantity (that can thus be seen as similarity measures) that are valid kernels.
An example of this is the kernel:

[[x—yl?
202
popularly known as the RBF (or Gaussian) kernel. This particular kernel is ob-
tained by taking d(x;,y;) = |xj —yj|,gj(z) = 12/(20'3) for non-zero o? and f(z) =
e~ *. Note that nothing prevents the use of different scaling parameters o; for every
component. The decomposition need not be unique and is not necessarily the most

useful for proving the p.s.d. property of the kernel.

In this work we concentrate on upper-bounded metric distances, in which case
the partial kernels g;(d;(x;,y;)) are lower-bounded, though this is not a necessary
condition in general. We list some choices for partial distances:

k(x,y) =exp{— b x,yeER' 6£0€ER, 2)

drre (xi,yi) = min{ L, |x; — | } (Truncated Euclidean) 3)
dean(xi,yi) = M (Canberra) 4
Xi+yi
d(xi,yi) = vl Maximam) (5)
max (x;, ;)
d(xi,yi) = (i =30 (squared %) ©)
irYi Xi+; q

Note the first choice is valid in R, while the others are valid in R™. There is some
related work worth mentioning, since other choices have been considered elsewhere:
with the choice g;(z) = 1 —z, a kernel formed as in (1) for the distance (5) appears
as p.s.d. in Shawe-Taylor and Cristianini (2004). Also with this choice for g;, and
taking f(z) = ¢/9.6 > 0 the distance (6), leads to a kernel that has been proved
p.s.d. in Fowlkes et al. (2004).

3 Semantics and applicability

The distance in (3) is a truncated version of the standard metric in R, which can
be useful when differences greater than a specified threshold have to be ignored.
In similarity terms, it models situations wherein data examples can become more
and more similar until they are suddenly indistinguishable. Otherwise, it behaves
like the standard metric in R. Notice that this similarity may lead to more sparse
matrices than those obtainable with the standard metric. The distance in (4) is called
the Canberra distance (for one component). It is self-normalised to the real interval
[0,1), and is multiplicative rather than additive, being specially sensitive to small
changes near zero. Its behaviour can be best seen by a simple example: let a variable
stand for the number of children, then the distance between 7 and 9 is not the same
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“psychological” distance than that between 1 and 3 (which is triple); however, |7 —
9| = |1 —3|. If we would like the distance between 1 and 3 be much greater than that
between 7 and 9, then this effect is captured. More specifically, letting z = x/y, then
dcan(x,y) = g(z), where g(z) = |z—1|/(z+ 1) and thus g(z) = g(1/z). The Canberra
distance has been used with great success in content-based image retrieval tasks in
Kokare et al. (2003).

4 Truncated Euclidean similarity

Let x; be an arbitrary finite collection of n different real points x; € R, i =1,...,n.
We are interested in the n x n similarity matrix A = (g;;) with
a,-jzl—dij, d,'j:min{l,|x,~ij\}, (7)

where the usual Euclidean distances have been replaced by truncated Euclidean dis-
tances. We can also write ¢;; = (1 —d;;)+ = max{0, 1 — |x; —x;|}.

Theorem 1. The matrix A is positive definite (p.s.d.).

PROOF. We define the bounded functions X;(x) for x € R with value 1 if |x — x;| <
1/2, zero otherwise. We calculate the interaction integrals

lij Z/RX,'()C)XJ'()C)dx.

The value is the length of the interval [x; —1/2,x;+1/2]N[x; —1/2,x;+1/2] . Itis
easy to see that [;; = 1 —d;; if d;; < 1, and zero if |x; —x;| > 1 (i.e., when there is no
overlapping of supports). Therefore, [;; = a;; if i # j. Moreover, for i = j we have

/RX,'(x)Xj(x)dx: /Xiz(x)dx: L.

We conclude that the matrix A is obtained as the interaction matrix for the system of
functions {X,-}?I= 1- These interactions are actually the dot products of the functions in
the functional space L*(R). Since a; ; is the dot product of the inputs cast into some
Hilbert space it forms, by definition, a p.s.d. matrix.

Notice that rescaling of the inputs would allow us to substitute the two “1” (one) in
equation (7) by any arbitrary positive number. In other words, the kernel with matrix

ajj = (s —djj)+ = max{0,s — |x; —x;| } ®)

with s > 0 is p.s.d. The classical result for general Euclidean similarity in Gower
(1971) is a consequence of this Theorem when |x; —x;| < 1 for all i, j.
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5 Canberra distance-based similarity

We define the Canberra similarity between two points as follows

X — X
SCan(xhxj) =1 _dCan(xiaxj)7 dCan(xhxj) = |xz+x],> 9)
where dcan(xi,x;) is called the Canberra distance, as in (4). We establish next
the p.s.d. property for Canberra distance matrices, for x;,x; € R'.

Theorem 2. The matrix A = (a;;) with a;j = Scan(%i,X;) is p.s.d.

PROOF. First step. Examination of equation (9) easily shows that for any x;,x; € R*
(not including 0) the value of scan(x;,x;) is the same for every pair of points x;,x;
that have the same quotient x; /x;. This gives us the idea of taking logarithms on the
input and finding an equivalent kernel for the translated inputs. From now on, define
X = x;,2 = xj, for clarity. We use the following straightforward result:

Lemma 1. Let K’ be a p.s.d. kernel defined in the region B x B, let ® be map from a
region A into B, and let K be defined on A x A as K(x,z) = K'(®(x),®(z)). Then the
kernel K is p.s.d.

PROOF. Clearly @ is a restriction of B, and K’ is p.s.d in all B x B.

Here, we take K = Scan, A = RY, ®(x) = log(x), so that B is R. We now find
what K’ would be by defining x’ =log(x), z =log(z), so that distance dcq, can be
rewritten as

J J
x—z| ||
dCun(XaZ) T itz o T
As we noted above, dcgn(x,7) is equivalent for any pair of points x,z € RT with
the same quotients x/z or z/x. Assuming that x > z without loss of generality, we
write this as a translation invariant kernel by introducing the increment in logarith-
mic coordinates h =| X' — 7' |=x — 7 =log(x/z):

! /
el — et eh—1

eZel+e? 41

dcan (x, Z) =

Substitution on K = S¢y,, gives

-1 2

S D) = 1= Gy = a1

Therefore, for X',z € R, X' =7/ + h, we have

2

1o N g (] A —
K(X,Z)—K(X*Z)fmf

F(h). (10)

Note that F is a convex function of & € [0,00) with F(0) = 1, F(e) = 0.
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Second step. To prove our theorem we now only have to prove the p.s.d. property for
kernel K’ satisfying equation (10).

A direct proof uses an integral representation of convex functions that proceeds
as follows. Given a twice continuously differentiable function F of the real variable
s > 0, integrating by parts we find the formula

F(x) = —[F’(s)ds - /wa"(s)(s—x)ds,

valid for all x > 0 on the condition that F(s) and sF’(s) — 0 as s — eo. The formula
can be written as

F(x)= /OwF//(S)(S—x)J,_ ds,

which implies that whenever F” > 0, we have expressed F(x) as an integral combina-
tion with positive coefficients of functions of the form (s —x).. This is a non-trivial,
but commonly used, result in convex theory.

Third step. The functions of the form (s — x), are the building blocks of the Trun-
cated Euclidean Similarity kernels (7). Our kernel K’ is represented as an integral
combination of these functions with positive coefficients. In the previous Section we
have proved that functions of the form (8) are p.s.d. We know that the sum of p.s.d.
terms is also p.s.d., and the limit of p.s.d. kernels is also p.s.d. Since our expression
for K’ is, like all integrals, a limit of positive combinations of functions of the form
(s — x), the previous argument proves that equation (10) is p.s.d., and by Lemma 1
our theorem is proved. More precisely, what we say is that, as a convex function, F’
can be arbitrarily approximated by sums of functions of the type

X
Jn(x) = max{0,a, — r—} (11)
n
forn €[0,...,N], and the r,, equally spaced in the range of the input (so that the bigger
the N the closer we get to (10)). Therefore, we can write

2 L h
Il :r}ﬂo;(ai_z_)Jm (12)

where each term in the succession (12) is of the form (11), equivalent to (8).

6 Kernels defined on real vectors

We establish now a result for positive vectors that leads to kernels analogous to the
Gaussian RBF kernel. The reader can find useful additional material on positive and
negative definite functions in Berg et al. 1984 (esp. Ch. 3).

Definition 1 (Hadamard function). If A = [a;;] is a n X n matrix, the function f :
A — f(A) = [f(aij)] is called a Hadamard function (actually, this is the simplest
type of Hadamard function).
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Theorem 3. Let a p.s.d. matrix A = [a;j] and a Hadamard function f be given. If
f is an analytic function with positive radius of convergence R > |a;;| and all the
coefficients in its power series expansion are non-negative, then the matrix f(A) is
p.s.d. as proved in Horn and Johnson (1991).

Definition 2 (p.s.d. function). A real symmetric function f(x,y) of real variables
will be called p.s.d. if for any finite collection of n real numbers x1,...,x,, the n X n
matrix A with entries a;j = f(x;,x;) is p.s.d.

Lemma 2. Let b > 1 € R,c € R and let ¢ — f(x,) be a p.s.d. function. Then b~/
is a p.s.d. function.

PROOF. The function x — b* is analytic with infinite radius of convergence and all the
coefficients in its power series expansion are non-negative in case b > 1. By theorem
(3) the function b~ /™¥) is p.s.d.; then so is bb~ /) and consequently b—/) is
p.s.d. (since b is a positive constant).

Theorem 4. The following function

n d(xi.v:
k(x,y):exp <_Zl (x”yl)>7 xivyi7GiGR+

where d is any of (3), (4), (5), is a valid p.s.d. kernel.

PROOF. For simplicity, make d; = d(x;,y;). We know 1 —d; is a p.s.d. function, for the

choices of d; defined in (3), (4), (5). Therefore, (1 —d;)/o; for 6; > 0 € Ris also p.s.d.

Making ¢ = )"}, 1/0; and f = d;/o;, by lemma (2), the function exp(—d;/0;) is
n

p.s.d. The product of p.s.d. functions is p.s.d., and thus []exp(—d;/0;) =

i=1
= 4
aj :
exp (— Zl m) is p.s.d.
i=
This result is useful since it establishes new kernels analogous to the Gaussian
RBF kernel but based on alternative metrics. Computational considerations should
not be overlooked: the use of the exponential function considerably increases the
cost of evaluating the kernel. Hence, kernels not involving this function are specially
welcome.
Proposition 1. Ler d(x;,x;) = lii;ﬁj | be the Canberra distance. Then k(xi,xj) =1—

d(xi,x;)/c is a valid p.s.d. kernel if and only if 6 > 1.

PROOF. Let d;; = d(x;,x;). We know 377 37" cicj(1 —djj) > 0 for all ¢;,c; €
R. We have to show that > 7 > cic;(1 — %) > 0. This can be expressed as
o3 2 cicy) = 20y Do cicydij.

This result is a generalization of Theorem (2), valid for ¢ = 1. It is immediate
that the following function (the Canberra kernel) is a valid kernel:
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1~ di(xi,yi)
k(XaY)ZI*;ZTv c; > 1
i=1

The inclusion of the 6; (acting as learning parameters) has the purpose of adding
flexibility to the models. Concerning the truncated Euclidean distance, a correspond-
ing kernel can be obtained in a similar way. Let d(x;,x;) = min{1,|x; —x;|} and de-
note for a real number a, a; = 1 —min(1,a) = max(0,1 — a). Then 6 — min{o, |x; —
xj|} is p.s.d. by Theorem (1) and so is max{0,1 — @} In consequence, it is im-
mediate to affirm that the following function (the Truncated Euclidean kernel) is
again a valid kernel:

1~ [ dilxi,i
k(x,y):nz<(6‘y)> LG >0
i +

i=1
7 Conclusions

We have considered distance-based similarity measures for real-valued vectors of
interest in kernel-based methods, like the Support Vector Machine. The first is a
truncated Euclidean similarity and the second a self-normalized similarity. Derived
real kernels analogous to the RBF kernel have been proposed, so the kernel toolbox
is widened. These can be considered as suitable alternatives for a proper modeling of
data affected by multiplicative noise, skewed data and/or containing outliers. In addi-
tion, some rather general results concerning positivity properties have been presented
in detail.
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Abstract. In many classification applications, Support Vector Machines (SVMs) have proven
to be highly performing and easy to handle classifiers with very good generalization abilities.
However, one drawback of the SVM is its rather high classification complexity which scales
linearly with the number of Support Vectors (SVs). This is due to the fact that for the classi-
fication of one sample, the kernel function has to be evaluated for all SVs. To speed up clas-
sification, different approaches have been published, most which of try to reduce the number
of SVs. In our work, which is especially suitable for very large datasets, we follow a different
approach: as we showed in (Zapien et al. 20006), it is effectively possible to approximate large
SVM problems by decomposing the original problem into linear subproblems, where each
subproblem can be evaluated in Q(1). This approach is especially successful, when the as-
sumption holds that a large classification problem can be split into mainly easy and only a few
hard subproblems. On standard benchmark datasets, this approach achieved great speedups
while suffering only sightly in terms of classification accuracy and generalization ability. In
this contribution, we extend the methods introduced in (Zapien et al. 2006) using not only
linear, but also non-linear subproblems for the decomposition of the original problem which
further increases the classification performance with only a little loss in terms of speed. An
implementation of our method is available in (Ronneberger and et al.) Due to page limitations,
we had to move some of theoretic details (e.g. proofs) and extensive experimental results to a
technical report (Zapien et al. 2007).

1 Introduction

In terms of classification-speed, SVMs (Vapnik 1995) are still outperformed by many
standard classifiers when it comes to the classification of large problems. For a non-
linear kernel function &, the classification function can be written as in Eq. (1). Thus,
the classification complexity lies in Q(n) for a problem with n SVs. However, for
linear problems, the classification function has the form of Eq. (2), allowing clas-
sification in Q(1) by calculating the dot product with the normal vector w of the
hyperplane. In addition, the SVM has the problem that the complexity of a SVM
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model always scales with the most difficult samples, forcing an increase in Support
Vectors. However, we observed that many large scale problems can easily be divided
in a large set of rather simple subproblems and only a few difficult ones. Following
this assumption, we propose a classification method based on a tree whose nodes
consist mostly of linear SVMs (Fig.(1)).

f(x) = sign <Zy,~(xik (xi,X) +b> (D

i=1

f(x) = sign ((w,x) +b) 2)

This paper is structured as follows: first we give a brief overview of related work.
Section 2 describes our initial linear algorithm in detail including a discussion of the
zero solution problem. In section 3, we introduce a non-linear extension to our initial
algorithm, followed by Experiments in section 4.

@ linear SVM: (o, X) +b5) % hey >0

label x = —hey ~

@ linear SVM: ((wp,x) +bys) x hepy >0
label x = —hcy

label x = —hcyy label x = heyy

Fig. 1. Decision tree with linear SVM

1.1 Related work

Recent work on SVM classification speedup mainly focused on the reduction of the
decision problem: A method called RSVM (Reduced Support Vector Machines) was
proposed by Lee and Mangasarian (2001), it preselects a subset of training samples
as SVs and solves a smaller Quadratic Programming problem. Lei and Govindaraju
(2005) introduced a reduction of the feature space using principal component anal-
ysis and Recursive Feature Elimination. Burges and Schoelkopf (1997) proposed a
method to approximate w by a list of vectors associated with coefficients o;. All these
methods yield good speedup, but are fairly complex and computationally expensive.
Our approach, on the other hand, was endorsed by the work of Bennett and Breden-
steiner (2000) who experimentally proved that inducing a large margin in decision
trees with linear decision functions improved the generalization ability.
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2 Linear SVM trees

The algorithm is described for binary problems, an extension to multiple-class prob-
lems can be realized with different techniques like one vs. one or one vs. rest (Hsu
and Lin 2001) (Zapien et al. 2007).

At each node i of the tree, a hyperplane is found that correctly classifies all sam-
ples in one class (this class will be called the “hard"’ class, denoted hc;). Then, all
correctly classified samples of the other class (the “soft" class) are removed from
the problem, Fig. (2). The decision of which class is to be assigned “hard" is taken

Fig. 2. Problem fourclass (Schoelkopf and Smola 2002). Left: hyperplane for the first node.
Right: Problem after first node (“hard" class = triangles).

in a greedy manner for every node (Zapien et al. 2007). The algorithm terminates
when the remaining samples all belong to the same class. Fig.(3) shows a training
sequence. We will further extend this algorithm, but first we give a formalization for
the basic approach.

Problem Statement. Given a two class problem with m = m; +m_; samples x; € R"
with labels y;, i € CC and CC = {1,...,m}. Without loss of generality we define a
Class 1 (Positive Class) CC; = {1,...,m;}, y; = 1 for all i € CC}, with a global pe-
nalization value D and individual penalization values C; = D for all i € CC; as well
as an analog Class -1 (Negative Class) CC_; = {m;+1,...m;+m_;},y; = —1 for
all i € CC_y, with a global penalization value D_; and individual penalization values
C;=D_qforalli e CC_;.

2.1 Zero vector as solution

In order to train a SVM using the previous definitions, taking one class to be “hard"
in a training step, e.g. CC_1 is the “hard" class, one could simply set D_; — oo and
D << D_j in the primal SVM optimization problem:

e 1 2 m
minimize T(w, &) =5|lwl|-+ >, Ci&, 3
minimize w(w,E) = HwlP+ 7, G ®
subjectto y;({x;,w)+D)>1-¢&;, i=1,..,m, 4)
£&>0,i=1,..,m. %)

Unfortunately, in some cases the optimization process converges to a trivial solu-
tion: the zero vector. We used the convex hull interpretation of SVMs (Bennett and
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Fig. 3. Sequence (left to right) of hyperplanes for nodes 1-6 of the tree.

Bredensteiner 2000), in order to determine under which circumstances the trivial so-
lution is occurring and proved the following theorems (Zapien et al. 2007):

Theorem 1: If the convex hull of the “hard" class CC; intersects the convex hull of
the “soft" class CC_j, then w = 0 is a feasible point for the primal Problem (4) if
D_1 > maxjecc, {Ai} - D1, where A; are such that

P= Z }"ixia
ieCCy

is a convex combination for a point p that belongs to both convex hulls.
Theorem 2: If the center of gravity s_; of class CC_; is inside the convex hull of
class CCq, then it can be written as

1

S 1= Zkixi and s | = Z —X;
m

ieCC, jecc, 1

with A; > 0 for all i € CC; and Ziecc. A; = 1. If additionally, D| > ApaxD—1m_1,
where Amax = maxiecc, {A:}, then w = 0 is a feasible point for the primal Problem.

Please refer to (Zapien et al. 2007) for detailed proofs of both theorems.

2.2 H1-SVM problem formulation

To avoid the zero vector, we proposed a modification of the original SVM optimiza-
tion problem, which is taking advantage of the previous theorems: the HI-SVM (H1
for one hard class).



Fast Support Vector Machine Classification of Very Large Datasets 15

HI1-SVM Primal Problem

i l 2 - . . .
we%}},lbleu{ 2 1wl ZzeCC];yz“Xn w)+b) (©6)
subject to  y;((x;,w) +b) > 1 for all i € CCy, )

where k=1landk=—1,ork=—1andk=1.
This new formulation constraints Eq. (7) to classify all samples in the class CCy, per-
fectly, forcing a “hard" convex hull (H1) for CCy. The number of misclassification
on the other class CCj is added to the objective function, hence the solution is a
trade-off between a maximal margin and a minimum number of misclassifications in
the “soft" class CCy.

HI1-SVM Dual Formulation

max 3 o — 3 Do oy (Xi, X)) ®)
subject to 0<o; <C, ieCCy, )
a;=1, j€CCy, (10)

> oy =0, (11)

wherek=1landk=—1,ork=—1and k= 1.

This problem can be solved in a similar way as the original SVM Problem using the
SMO algorithm (Schoelkopf and Smola 2002)(Zapien et al. 2007), and adding some
modifications to force o; = 1 Vi € CCy.

Theorem 3: For the HI-SVM the zero solution can only occur if |CCy| > (n— 1) and
there exists a linear combination of the sample vectors in the “hard" class x; € CCy
and the sum of the sample vectors in the “soft" class, Ziecc,; X;.

Proof: Without loss of generality, let the “hard" class be class CC;. Then,

m
W:Zaiyixi = Z X — Z X
i=1

ieCC, ieCC_,

14
= Z oUX; — Z X;. (12)
i€CCy ieCC_;
If we define z; = > ;. X; and [CCy| > (n— 1) = dim(z;) — 1, there exist {a},i €
CCy,0; # 0 such that
W = ZO(,‘X,‘—Zi = 0.

ieCC,

The usual threshold calculation ((Keerthi et al. 1999) and (Schoelkopf and Smola
2002)) can no longer be used to define the hyperplane, please refer to (Zapien et al.
2007) for details on the threshold computation.

The basic algorithm can be improved with some heuristics for greedy “hard"-class
determination and tree pruning, shown in (Zapien et al. 2007).
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3 Non-linear extension

In order to classify a sample, one simply runs it down the SVM-tree. When using
only linear nodes, we already obtained good results (Zapien et al. 2006), but we also
observed that first of all, most errors occur in the last node, and second, that over all
only a few samples will reach the last node during the classification procedure. This
motivated us to add a non-linear node (e.g. using RBF kernels) to the end of the tree.
Training of this extended SVM-tree is analogous to the original case. First a pure

linear SVM: ((wy,X) +by) X heg >0

]inearSVM: ((W,X) +by) x hey >0

label x = —hc
@ non-linear SVM
label x = —hcy

label x = Z o yik(x;,x) +bpy
xjasv

Fig. 4. SVM tree with non-linear extesion

linear tree is build. Then we use a heuristic (trade-off between average classification
depth and accuracy) to move the final, non-linear node from the last node up the tree.
It is very important to notice, that to avoid overfitting, the final non-linear SVM has
to be trained on the entire initial training set, and not only on the samples remain-
ing after the last linear node. Otherwise the final node is very likely to suffer from
strong overfitting. Of cause, then the final model will have many SVs, but since only
a few samples will reach the final node, our experiments indicate that the average
classification depth will be hardly affected.

4 Experiments

In order to show the validity and classification accuracy of our algorithm we per-
formed a series of experiments on standard benchmark data sets. These experiments
were conducted! e.g. on Faces (Carbonetto) (9172 training samples, 4262 test sam-
ples, 576 features) and USPS (Hull 1994) (18063 training samples, 7291 test sam-
ples, 256 features) as well as on several other data sets. More and detailed exper-
iments can be found in (Zapien et al. 2007). The data was split into training and
test sets and normalized to minimum and maximum feature values (Min-Max) or
standard deviation (Std-Dev).

! These experiments were run on a computer with a P4, 2.8 GHz and 1G in Ram.
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Faces RBF |HI-SVM |HI-SVM | RBF/H1 | RBF/H1
(Min-Max) Kernel Gr-Heu Gr-Heu
Nr. SVs or 2206 4 4 551.5 551.5
Hyperplanes

Training Time 14:55.23 | 10:55.70 | 14:21.99 | 1.37 1.04
Classification Time | 03:13.60 | 00:14.73 | 00:14.63 | 13.14 | 13.23
Classif. Accuracy % | 95.78 % | 91.01 % | 91.01 % 1.05 1.05

USPS RBF |HI-SVM |H1-SVM | RBF/HI | RBF/H1
(Min-Max) Kernel Gr-Heu Gr-Heu
Nr. SVs or 3597 49 49 73.41 73.41
Hyperplanes

Training Time 00:44.74 | 00:22.70 | 02:09.58 | 1.97 0.35
Classification Time | 01:58.59 | 00:19.99 | 00:20.07 | 5.93 5.91
Classif. Accuracy % | 95.82 % | 93.76 % | 93.76 % 1.02 1.02

Comparisons to related work are difficult, since most publications (Bennett and Bre-
densteiner 2000), (Lee and Mangasarian 2001) used datasets with less than 1000
samples, where the training and testing time are negligible. In order to test the per-
formance and speedup on very large datasets, we used our own Cell Nuclei Database
(Zapien et al. 2007) with 3372 training samples, 32 features each, and about 16 mil-
lion test samples:

RBF-Kernel | linear tree | non-linear tree
H1-SVM HI-SVM
training time ~ls ~3s ~58
Nr. SVs or 980 86 86
Hyperplanes
average classification - 7.3 8.6
depth
classifiaction time ~1.5h ~2 min ~~2 min
accuracy 97.69% 95.43% 97.5%

5 Conclusion

We have presented a new method for fast SVM classification. Compared to non-
linear SVM and speedup methods our experiments showed a very competitive
speedup while achieving reasonable classification results (loosing only marginal
when we apply the non-linear extension compared to non-linear methods). Espe-
cially if our initial assumption holds , that large problems can be split in mainly easy
and only a few hard problems, our algorithm achieves very good results. The ad-
vantage of this approach clearly lies in its simplicity since no parameter has to be
tuned.
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Abstract. In the last decade the classifier ensembles have enjoyed a growing attention and
popularity due to their properties and successful applications.

A number of combination techniques, including majority vote, average vote, behavior-
knowledge space, etc. are used to amplify correct decisions of the ensemble members. But the
key of the success of classifier fusion is diversity of the combined classifiers.

In this paper we compare the most commonly used combination rules and discuss their
relationship with diversity of individual classifiers.

1 Introduction

Fusion of multiple classifiers is one of the recent major advances in statistics and ma-
chine learning. In this framework, multiple models are built on the basis of training
set and combined into an ensemble or a committee of classifiers. Then the component
models determine the predicted class.

Classifier ensembles proved to be high performance classification systems in nu-
merous applications, e.g. pattern recognition, document analysis, personal identifi-
cation, data mining etc.

The high accuracy of the ensemble is achieved if its members are “weak" and di-
verse. The term “weak” refers to unstable classifiers, such as classification trees, and
neural nets. Diversity means that the classifiers are different from each other (inde-
pendent, uncorrelated). This is usually obtained by using different training subsets,
assigning different weights to instances or selecting different subsets of features.

Tumer and Ghosh (1996) have shown that the ensemble error decreases with the
reduction in correlation between component classifiers. Therefore, we need to assess
the level of indpendence of the members of the ensemble, and different measures of
diversity have been proposed so far.

The paper is organised as follows. In Section 2 we give some basics on classi-
fier fusion. Section 3 contains a short description of selected diversity measures. In
Section 4 we discuss the fusion methods (combination rules). The problems related
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to assessment of performance of combination rules and their relationship with diver-
sity measures are presented in Section 5. Section 6 gives a brief description of our
experiments and the obtained results. The last section contains some conclusions.

2 Classifier fusion

A classifier C is any mapping C : X — Y from the feature space X into a set of class
labels Y = {ll ,lz, ‘e ,lj}.

The classifier fusion consists of two steps. In the first step the set of M in-
dividual classifiers {C,C,,...,Cy} is designed on the basis of the training set
T:{(leyl)v(x27y2)v'"7(XN7yN)}' R

Then, in the second step, their predictions are combined into an ensemble C*
using a combination function F':

C*=F(C,C,....Chn). )

Various combinatorial rules have been proposed in the literature to approximate the
function F, and some of them will be discussed in Section 4.

3 Diversity of ensemble members

In order to assess the mutual independence of individual classifiers, different mea-
sures have been proposed. The simplest ones are pairwise measures defined between
two classifiers, and the overall diversity of the ensemble is the average of the diver-
sities (p) between all pairs of the ensemble members:

M-1 M
ey 2
Diversity(C*) = MOI—T) mZ:lk:”Z;lp(mk). 2)

The relationship between a pair of classifiers C; and C; can be shown in the form
of the 2 x 2 contingency table (Table 1).

Table 1. A 2 x 2 contingency table for the two classifier outputs.

Classifiers | C; is correct | C; is wrong

C; is correct a b
C; is wrong c d

The well known measure of classifier dependence is the binary version of the
Pearson’s correlation coefficient:

SN ad — bc
(i) = Jarb)crdatobrd)

3)
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Partridge and Yates (1996) have used a measure named within-set generalization
diversity. This measure is simply the kappa statistics:

. 2(ac—ba)
K(t,J) = . 4
D) = G p et d T (at )b +d) @
Skalak (1996) reported the use of the disagreement measure:
b+c
DM(i,j) = ————. 5
G = rera Q)

Giacinto and Roli (2000) have introduced a measure based on the compound
error probability for the two classifiers, and named compound diversity:

d

cD(i,j)=— .
(2:7) a+b+c+d

(6)
This measure is also named “double-fault measure” because it is the proportion of
the examples that have been misclassified by both classifiers.

Kuncheva et al. (2000) strongly recommended the Yule’s Q statistics to evaluate
the diversity:

o ad — be
Q0. j) = ad+bc’

Unfortunately, this measure has two disadvantages. In some cases its value may be
undefined. e.g. when @ = 0 and » = 0, and it cannot distinguish between different
distributions of classifier outputs.

In order to overcome the drawbacks of the Yule’s Q statistics, Gatnar (2005)
proposed the diversity measure based on the Hamann’s coefficient:

N

(a+d)—(b+c)

i
G = o erd

(®)
Several non-pairwise measures have been also developed to evaluate the level of
diversity between all members of the ensemble.
Cunningham and Carney (2000) suggested using the entropy function:

N N
1 1
EC =~ Y Lls)log(Lx) = 5 D (M ~Lx)log(M ~L(x)).  ©)
1= 1=
where L(x) is the number of classifiers that correctly classified the observation x. Its
simplified version was introduced by Kuncheva and Whitaker (2003):

1
N

1

E:

N
min{L(x;),M — L(x;)}. (10)

1
<M~ [M/2]

Kohavi and Wolpert (1996) used their variance to evaluate the diversity:
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N
KW = Mt/lzlz_;L(xi)(M—L(xi)). (11)

Also Dietterich (2000) proposed the measure to assess the level of agreement
between classifiers. It is the kappa statistics:

g i L(x) (M — L(x))
N(M —1)p(1—p)

Hansen and Salamon (1990) introduced the measure of difficulty 6. It is simply
the variance of the random variable Z = L(x)/M:

K=1

12)

0 =Var(Z). (13)

Two measures of diversity have been proposed by Partridge and Krzanowski
(1997) for evaluation of the software diversity. The first one is the generalized di-
versity measure:

2
GD=1- &, (14)
p(1)
where p(k) is the probability that k randomly chosen classifiers will fail on the ob-
servation X. The second measure is named coincident failure diversity:

0 where pg = 1

CFD = ) |
{ l—lpo Z?nlzl Hpm where Po < 1

(15)

where p,, is the probability that exactly m out of M classifiers will fail on an obser-
vation X.

4 Combination rules

Once we have produced the set of individual classifiers of desired level of diversity,
we combine their predictions to amplify their correct decisions and cancel out the
wrong ones. The combination function F in (1) depends on the type of the classifier
outputs.

There are three different forms of classifier output. The classifier can produce a
single class label (abstract level), rank the class labels according to their posterior
probabilities (rank level), or produce a vector of posterior probabilities for classes
(measurement level).

Majority voting is the most popular combination rule for class labels!:

M
C*(x) :argmjglx{ZI(C’m(x) :lj)}. (16)
m=1

In the R statistical environment we obtain class labels using the command
predict(...,type="class").



Fusion of Multiple Statistical Classifiers 23

It can be proved that it is optimal if the number of classifiers is odd, they have the
same accuracy, and the classifier’s outputs are independent. If we have evidence that
certain models are more accurate than others, weighing the individual predictions
may improve the overall performance of the ensemble.

Behavior Knowledge Space developed by Huang and Suen (1995) uses a look-up
table that keeps track of how often each class combination is produced by the clas-
sifiers during training. Then, during testing, the winner class is the most frequently
observed class in the BKS table for the combination of class labels produced by the
set of classifiers.

Wernecke (1992) proposed a method similar to BKS, that uses the look-up table
with 95% confidence intervals of the class frequencies. If the intervals overlap, the
least wrong classifier gives the class label.

Naive Bayes combination introduced by Domingos and Pazzani (1997) also
needs training to estimate the prior and posterior probabilities:

5i(x) = P(L) [ P(Cn()I1)). (17)

m=1

Finally, the class with the highest value of s;(x) is chosen as the ensemble prediction.

On the measurement level, each classifier produces a vector of posterior probabil-
ities? G, (X) = [cm1 (X), cm2(X), - . ., ¢y (X)]. And combining predictions of all models,
we have a matrix called decision profile for an instance x:

Cll(X) Clg(x) C]](X)
DP(x)=| ... ... .. .. (18)
CMl(X) CMz(X) CMJ(X)

Based on the decision profile we calculate the support for each class (s;(x)), and
the final prediction of the ensemble is the class with the highest support:

C*(x) = argmax {s5;(x) } . (19)
J

The most commonly used is the average (mean) rule:

1 M
5i(x) = m Zcmj(x). (20)
m=1

There are also other algebraic rules that calculate median, maximum, minimum and
product of posterior probabilities for the j-th class. For example, the product rule is:

| M
s/(x):MHCm/(X)' (21)

m=1

Kuncheva et al. (2001) proposed a combination method based on Decision Tem-
plates, that are averaged decision profiles for each class (DT;). Given an instance X,

2 We use the command predict(...,type="prob").
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its decision profile is compared to the decision templates of each class, and the class
whose decision template is closest (in terms of the Euclidean distance) is chosen as
the ensemble prediction:

M
si(x)=1- MLJ D> (DT(m.k) — c(x))* (22)
m=1 k=1

There are other combination functions using more sophisticated methods, such
as fuzzy integrals (Grabisch, 1995), Dempster-Shafer theory of evidence (Rogova,
1994) etc.

The rules presented above can be divided into two groups: trainable and non-
trainable. In trainable rules we determine the values of their parameters using the
training set, e.g. cell frequencies in the BKS method, or Decision Templates for
classes.

5 Open problems

There are several problems that remain open in classifier fusion. In this paper we
only focus on two of them. We have shown above ten combination rules, so the
first problem is the search for the best one, i.e. the one that gives the more accurate
ensembles.

And the second problem is concerned with the relationship between diversity
measures and combination functions. If there is any, we would be able to predict the
ensemble accuracy knowing the level of diversity of its members.

6 Results of experiments

In order to find the best combination rule and determine relationship between com-
bination rules and diversity measures we have used 10 benchmark datasets, divided
into learning and test parts, as shown in Table 2.

For each dataset we have generated 100 ensembles of different sizes: M =
10,20,30,40, 50, and we used classification trees as the base models.

We have computed the average ranks for the combination functions, where rank
1 was for the best rule, i.e. the one that produced the most accurate ensemble, and
rank 10 - for the worst one. The ranks are presented in Table 3.

We found that the mean rule is simple and has consistent performance for the
measurement level, and majority voting is a good combination rule for class labels.
Maximum rule is too optimistic, while minimum rule is too pessimistic.

If the classifier correctly estimates the posterior probabilities, the product rule
should be considered. But it is sensitive to the most pessimistic classifier.

3 In order to grow trees, we have used the Rpart procedure written by Therneau and Atkinson
(1997) for the R environment.
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Table 2. Benchmark datasets.

Dataset | Number of cases | Number of cases | Number of | Number
in training set in test set predictors | of classes
DNA 2124 1062 180 3
Letter 16000 4000 16 26
Satellite 4290 2145 36 6
Iris 100 50 4 3
Spam 3000 1601 57 2
Diabetes 512 256 8 2
Sonar 138 70 60 2
Vehicle 564 282 18 4
Soybean 455 228 34 19
Zip 7291 2007 256 10

Table 3. Average ranks for combination methods.

Method | Rank
mean 2.98
vote 3.50
prod 4.73
med 491
min 6.37
bayes 6.42
max 7.28
DT 7.45
Wer 7.94
BKS 8.21

Figure 1 illustrates the comparison of performance of the combination functions
for the Spam dataset, which is typical of the datasets used in our experiments. We
can observe that the fixed rules perform better than the trained rules.

Error

006 008 010 012 014

Semeses LT

T T T T T T T T T T
sred  max min med prod vote bayes BKS = Wer DT

Fig. 1. Boxplots of combination rules for the Spam dataset.
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We have also noticed that the mean, median and vote rules give similar results.
Moreover, cluster analysis has shown that there are three more groups of rules of
similar performance: minimum and maximum, Bayes and Decision Templates, BKS
and Wernecke’s combination method.

In order to find the relationship between the combination functions and the di-
versity measures, we have calculated Pearson correlations. Correlations are moderate
(greater than 0.4) between mean, mode, product, and vote rules and Compound Di-
versity (6) as the only pairwise measure of diversity.

For non-pairwise measures correlations are strong (greater than 0.6) only be-
tween average, median, and vote rules, and Theta (13).

7 Conclusions

In this paper we have compared ten functions that combine outputs of the individual
classifiers into the ensemble. We have also studied the relationships between the
combination rules and diversity measures.

In general, we have observed that trained rules, such as BKS, Wernecke, Naive
Bayes and Decision Templates, perform poorly, especially for large number of com-
ponent classifiers (M). This result is contrary to Duin (2002), who argued that trained
rules are better than fixed rules.

We have also found that the mean rule and the voting rule are good for the mea-
surement level and abstract level, respectively.

But there are not strong correlations between the combination functions and the
diversity measures. This means that we can not predict the ensemble accuracy for
the particular combination method.
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Abstract. A proposal of an extended version of the HINoV method for the identification of
the noisy variables (Carmone et al. (1999)) for nonmetric, mixed, and symbolic interval data is
presented in this paper. Proposed modifications are evaluated on simulated data from a variety
of models. The models contain the known structure of clusters. In addition, the models contain
a different number of noisy (irrelevant) variables added to obscure the underlying structure to
be recovered.

1 Introduction

Choosing variables is the one of the most important steps in a cluster analysis. Vari-
ables used in applied clustering should be selected and weighted carefully. In a clus-
ter analysis we should include only those variables that are believed to help to dis-
criminate the data (Milligan (1996), p. 348). Two classes of approaches, while choos-
ing the variables for cluster analysis, can facilitate a cluster recovery in the data (e.g.
Gnanadesikan et al. (1995); Milligan (1996), pp. 347-352):

— variable selection (selecting a subset of relevant variables),

— variable weighting (introducing relative importance of the variables according
to their weights).

Carmone et al. (1999) discussed the literature on the variable selection and
weighting (the characteristics of six methods and their limitations) and proposed the
HINoV method for the identification of the noisy variables, in the area of the variable
selection, to remedy problems with these methods. They demonstrated its robustness
with metric data and k-means algorithm. The authors suggest further studies of the
HINoV method with different types of data and other clustering algorithms on p.
508.

In this paper we propose extended version of the HINoV method for nonmetric,
mixed, and symbolic interval data. The proposed modifications are evaluated for
eight clustering algorithms on simulated data from a variety of models.



86 Marek Walesiak and Andrzej Dudek

2 Characteristics of the HINoV method and its modifications

Algorithm of Heuristic Identification of Noisy Variables (HINoV) method for metric
data (Carmone et al. (1999)) is following:

1. A data matrix [x;;] containing n objects and m normalized variables measured
on a metric scale i = 1,...,n; j=1,...,m) is a starting point.

2. Cluster, via kmeans method, the observed data separately for each j-th variable
for a given number of clusters u. It is possible to use clustering methods based on
a distance matrix (pam or any hierarchical agglomerative method: single, complete,
average, mcquitty, median, centroid, Ward).

3. Calculate adjusted Rand indices Rj; (j,/ =1, ..., m) for partitions formed from
all distinct pairs of the m variables (j # [). Due to a fact that adjusted Rand index is
symmetrical we need to calculate m(m — 1) /2 values.

4. Construct m x m adjusted Rand matrix (parim). Sum rows or columns for each

m
Jj-th variable R, = > R (topri):
I=1

Variable parim topri
M1 R12 ...le Rl.
M, Ry oo Rop Roe
Mm le RmZ Rmo
5. Rank topri values Rie, Roe,- .., Rye in a decreasing order (stopri) and plot the

scree diagram. The size of the topri values indicate a contribution of that variable to
the cluster structure. A scree diagram identifies sharp changes in the topri values. Rel-
atively low-valued topri variables (the noisy variables) are identified and eliminated
from the further analysis (say & variables).

6. Run a cluster analysis (based on the same classification method) with the se-
lected m — h variables.

The modification of the HINoV method for nonmetric data (where number of ob-
jects is much more than a number of categories) differs in steps 1, 2, and 6 (Walesiak
(2005)):

1. A data matrix [x;;] containing n objects and m ordinal and/or nominal variables
is a starting point.

2. For each j-th variable we receive natural clusters, where the number of clusters
equals the number of categories for that variable (for instance five for Likert scale or
seven for semantic differential scale).

6. Run a cluster analysis with one of clustering methods based on a distance
appropriate to nonmetric data (GDM2 for ordinal data — see Jajuga et al. (2003);
Sokal and Michener distance for nominal data) with the selected m — h variables.

The modification of the HINoV method for symbolic interval data differs in steps
1 and 2:

1. A symbolic data array containing n objects and m symbolic interval variables
is a starting point.
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2. Cluster the observed data with one of clustering methods (pam, single, com-
plete, average, mcquitty, median, centroid, Ward) based on a distance appropriate to
the symbolic interval data (e.g. Hausdorff distance — see Billard and Diday (2006),
p. 246) separately for each j-th variable for a given number of clusters u.

Functions HINoV.Mod and HINoV.Symbolic of clusterSim computer program
working in R allow adequately using mixed (metric, nonmetric), and the symbolic
interval data. The proposed modifications of the HINoV method are evaluated on
simulated data from a variety of models.

3 Simulation models

We generate data sets in eleven different scenarios. The models contain the known
structure of clusters. In the models 2-11 the noisy variables are simulated indepen-
dently from the uniform distribution.

Model 1. No cluster structure. 200 observations are simulated from the uniform
distribution over the unit hypercube in 10 dimensions (see Tibshirani et al [2001], p.
418).

Model 2. Two elongated clusters in 5 dimensions (3 noisy variables). Each clus-
ter contains 50 observations. The observations in each of the two clusters are inde-
pendent bivariate normal random variables with means (0, 0), (1, 5), and covariance
matrix Z (ij =1, Cji = —0.9).

Model 3. Three elongated clusters in 7 dimensions (5 noisy variables). Each
cluster is randomly chosen to have 60, 30, 30 observations, and the observations are
independently drawn from bivariate normal distribution with means (0, 0), (1.5, 7),
(3, 14) and covariance matrix ) | (6,; =1, 6;; = —0.9).

Model 4. Three elongated clusters in 10 dimensions (7 noisy variables). Each
cluster is randomly chosen to have 70, 35, 35 observations, and the observations
are independently drawn from multivariate normal distribution with means (1.5, 6,
-3), (3, 12, -6), (4.5, 18, -9), and identity covariance matrix » ., where oj; =1
(1<j<3),012=013=-0.9,and 653 =0.9.

Model 5. Five clusters in 3 dimensions that are not well separated (1 noisy vari-
able). Each cluster contains 25 observations. The observations are independently
drawn from bivariate normal distribution with means (5, 5), (-3, 3), (3, =3), (0, 0),
(=5, -5), and identity covariance matrix ) (6;; =1, 6;; = 0.9).

Model 6. Five clusters in 5 dimensions that are not well separated (2 noisy vari-
ables). Each cluster contains 30 observations. The observations are independently
drawn from multivariate normal distribution with means (5, 5, 5), (-3, 3, -3), (3, -3,
3), (0, 0, 0), (-5, =5, =5), and covariance matrix »_, where c;j=1(1<j< 3), and
6i=09(1<j#1<3).

Model 7. Five clusters in 10 dimensions (8 noisy variables). Each cluster is ran-
domly chosen to have 50, 20, 20, 20, 20 observations, and the observations are inde-
pendently drawn from bivariate normal distribution with means (0, 0), (0, 10), (5, 5),
(10, 0), (10, 10), and identity covariance matrix (0jj=1,05;=0).
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Model 8. Five clusters in 9 dimensions (6 noisy variables). Each cluster contains
30 observations. The observations are independently drawn from multivariate normal
distribution with means (0, 0, 0), (10, 10, 10), (-10, —10, —-10), (10, -10, 10), (-10,
10, 10), and identity covariance matrix »_, where G ;i=30<j< 3), and ;=2
(I1<j#£1<3).

Model 9. Four clusters in 6 dimensions (4 noisy variables). Each cluster is ran-
domly chosen to have 50, 50, 25, 25 observations, and the observations are indepen-
dently drawn from bivariate normal distribution with means (-4, 5), (5, 14), (14, 5),
(5, —4), and identity covariance matrix ) (6;; = 1, 6;; = 0).

Model 10. Four clusters in 12 dimensions (9 noisy variables). Each cluster con-
tains 30 observations. The observations are independently drawn from multivariate
normal distribution with means (-4, 5, —4), (5, 14, 5), (14, 5, 14), (5, -4, 5), and iden-
tity covariance matrix ), where 6;; =1 (1 < j<3),ando; =0(1 < j#1<3).

Model 11. Four clusters in 10 dimensions (9 noisy variables). Each cluster con-
tains 35 observations. The observations on the first variable are independently drawn
from univariate normal distribution with means -2, 4, 10, 16 respectively, and iden-
tity variance G? =05(1<j<4).

Ordinal data. The clusters in models 1-11 contain continuous data and a dis-
cretization process is performed on each variable to obtain ordinal data. The number
of categories k determines the width of each «class intervals:

max{x;;) —min{x; ]}] / k. Independently for each variable each class interval re-
1 1

ceive category 1,...,k and the actual value of variable x;; is replaced by these cate-
gories. In simulation study k£ = 5 (for k = 7 we have received similar results).
Symbolic interval data. To obtain symbolic interval data the data were generated
for each model twice into sets A and B and minimal (maximal) value of {ai i, b j} is
treated as the beginning (the end) of an interval.
Fifty realizations were generated from each setting.

4 Discussion on the simulation results

In testing the robustness of the HINoV modified algorithm using simulated ordi-
nal or symbolic interval data, the major criterion was the identification of the noisy
variables. The HINoV-selected variables contain variables with the highest topri val-
ues. In models 2-11 the number of nonnoisy variables is known. Due to this fact, in
simulation study, the number of the HINoV-selected variables equals the number of
nonnoisy variables in each model. When the noisy variables were identified, the next
step was to run the one of clustering methods based on distance matrix (pam, single,
complete, average, mcquitty, median, centroid, Ward) with the nonnoisy subset of
variables (HINoV-selected variables) and with all variables. Then each clustering re-
sult was compared with the known cluster structure from models 2-11 using Hubert
and Arabie’s [1985] corrected Rand index (see Table 1 and 2).
Some conclusions can be drawn from the simulations results:
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Table 1. Cluster recovery for all variables and HINoV-selected subsets of variables for ordinal
data (five categories) by experimental model and clustering method

Model Clustering method

pam ward | single |complete | average | mcquitty | median | centroid

@ ]0.3804710.53576 | 0.00022 | 0.11912 | 0.42288 | 0.25114 | 0.00527 | 0.00032

2 b 10.84218 10.90705 | 0.72206 | 0.12010 |0.99680 | 0.41796 | 0.30451 | 0.89835
a|0.27681 | 0.34071 | 0.00288 | 0.29392 | 0.40818 | 0.35435 | 0.04625|0.00192

3 b 10.85946 | 0.60606 | 0.36121 | 0.61090 | 0.68223 | 0.51487 | 0.49199 | 0.61156
a | 0.35609 | 0.44997 | 0.00127 | 0.43860 |0.53509 | 0.47083 | 0.04677 | 0.00295

4 b10.8399310.87224 1 0.56313 | 0.56541 | 0.80149 | 0.62102 | 0.54109 | 0.80156
a]0.54746 10.60139 [ 0.27610 | 0.46735 | 0.58050 | 0.49842 | 0.33303 | 0.50178

> b10.91071]0.84888 | 0.48550 | 0.73720 | 0.81317 | 0.79644 | 0.72899 | 0.74462
a|0.61074 | 0.60821 | 0.13400 | 0.53296 | 0.61037 | 0.56426 | 0.35113 | 0.47885

6 b10.83880[0.87183 0.56074 | 0.75584 |0.86282 | 0.81395 | 0.71085 | 0.79018
@ (0.10848 | 0.11946 | 0.00517 | 0.09267 | 0.10945 | 0.11883 | 0.00389 | 0.00659

7 b10.8007210.87399 [ 0.27965 | 0.87892 | 0.94882 | 0.77503 | 0.74141|0.91638
@ (0.31419]0.43180 | 0.00026 | 0.29529 |0.40203 | 0.36771 | 0.00974 | 0.00023

8 b10.95261]0.96372 | 0.58026 | 0.95596 |0.96627 | 0.95507 | 0.93701 | 0.96582
@ (0.37078 | 0.45915 [ 0.01123 | 0.12128 | 0.50198 | 0.31134 | 0.04326 | 0.00709

? b 10.99966 | 0.98498 | 0.93077 | 0.96993 |0.99626 | 0.98024 | 0.95461 | 0.99703
@ (0.2972710.41152 | 0.00020 | 0.22358 | 0.41107 | 0.34663 | 0.00030 | 0.00007

10 b | 1.00000 | 1.00000 | 0.99396 | 0.99911 | 1.00000 | 1.00000 | 0.99867 | 1.00000
b10.8937810.88097 | 0.60858 | 0.73259 | 0.89642 | 0.76384 | 0.71212 | 0.85838
r[0.53130(0.44119 | 0.56066 | 0.44540 |0.45403 | 0.39900 |0.61883 | 0.74730

cer 98.22% | 98.00% | 94.44% | 90.67% | 97.11% | 89.56% | 98.89% | 98.44%
11 |a|0.04335|0.04394 | 0.00012 | 0.04388 | 0.03978 | 0,03106 | 0,00036 | 0.00009
b10.1432010.08223 | 0.12471 | 0.08497 | 0.10373 | 0,12355 | 0,04626 | 0,06419

a (b) — values represent Hubert and Arabie’s adjusted Rand indices averaged over fifty repli-
cations for each model with all variables (with HINoV-selected variables); r = b — a; ccr —
corrected cluster recovery.

1. The cluster recovery that used only the HINoV-selected variables for ordinal
data (Table 1) and symbolic interval data (Table 2) was better than the one that used
all variables for all models 2-10 and each clustering method.

2. Among 450 simulated data sets (nine models with 50 runs) the HINoV method
was better (see ccr in Table 1 and 2):

— from 89.56% (mcquitty) to 98.89% (median) of runs for ordinal data,

— from 91.78% (ward) to 99,78% (centroid) of runs for symbolic interval data.

3. Figure 1 shows the relationship between the values of adjusted Rand indices
averaged over fifty replications and models 2-10 with the HINoV-selected variables
(b) and values showing an improvement (r) of average adjusted Rand indices (cluster
recovery with the HINoV selected variables against all variables) separately for eight
clustering methods and types of data (ordinal, symbolic interval). Based on adjusted
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Table 2. Cluster recovery for all variables and HINoV-selected subsets of variables for sym-
bolic interval data by experimental model and clustering method

Model . Clustering method . . .
pam ward single |complete | average |mcquitty | median | centroid
a|0.86670 | 0.87920 | 0.08006 | 0.28578 | 0.32479 | 0.49424 |0.02107 | 0.00004

2 b10.99920 | 0.97987 | 0.91681 | 0.99680 | 0.99524 | 0.98039 |0.85840|0.95739
a|0.41934|0.39743 | 0.00368 | 0.37361 | 0.38831 | 0.36597 | 0.00088 | 0.00476

3 b | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 |0.99062 | 1.00000
a|0.04896 | 0.01641 | 0.00269 | 0.01653 |-0.00075 | 0.01009 | 0.00177 | 0.00023

4 b | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000
a|0.715430.70144 | 0.73792 | 0.47491 | 0.60960 | 0.53842 |0.34231 | 0.28338

> b10.9955610.99718 | 0.98270 | 0.91522 | 0.99478 | 0.99210 |0.90252 | 0.97237
a|0.75308 | 0.67237 | 0.33392 | 0.47230 | 0.67817 | 0.55727 |0.18194|0.10131

6 b10.99631 | 0.99764 | 0.99169 | 0.95100 | 0.98809 | 0.97881 |0.84463 | 0.99866
a|0.36466 | 0.51262 | 0.00992 | 0.32856 | 0.33905 | 0.39823 |0.00527 | 0.00681

7 b|1.00000 | 0.99974 | 1.00000 | 0.98493 | 0.99954 | 1.00000 |0.99974 | 0.99954
a|0.74711|0.85104 | 0.01675 | 0.50459 | 0.51029 | 0.61615 |0.00056 | 0.00023

8 b | 1.00000 | 0.99966 | 0.99932 | 0.99966 | 0.99966 | 0.99843 |0.99835 | 1.00000
a | 0.86040 | 0.90306 | 0.30121 | 0.26791 | 0.54639 | 0.62620 | 0.00245 | 0.00419

0 b | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000
a|0.70324 | 0.91460 | 0.00941 | 0.48929 | 0.47886 | 0.54275 |0.00007 | 0.00004

10 b | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000
b10.99900 | 0.99712 | 0.98783 | 0.98306 | 0.99747 | 0.99441 |0.95491 | 0.99199
710.39023 [ 0.34732 | 0.82166 | 0.62601 | 0.56687 | 0.53337 {0.89310|0.94744

cer 94.67% | 91.78% | 97.33% | 99.11% | 96.22% | 96.44% | 99.56% | 99.78%
11 @ 0.05334 | 0.04188 | 0.00007 | 0.03389 | 0.02904 | 0.03313 | 0.00009 | 0.00004
b|0.12282|0.04339 | 0.04590 | 0.08259 | 0.08427 | 0.14440 | 0.04380 | 0.08438

a);r= b— a. ccr — see Table 1.

Rand indices averaged over fifty replications and models 2-10 the improvements in
cluster recovery (HINoV selected variables against all variables) are varying:

— for ordinal data from 0.3990 (mcquitty) to 0.7473 (centroid),

— for symbolic interval data from 0.3473 (ward) to 0.9474 (centroid).

5 Conclusions

The HINoV algorithm has limitations for analyzing nonmetric and symbolic interval
data almost the same as the ones mentioned in Carmone et al. (1999) article for
metric data.

First, the HINoV is of a little use with a nonmetric data set or a symbolic data
array in which all variables are noisy (no cluster structure — see model 1). In this
situation topri values are similar and close to zero (see Table 3).
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Table 3. Mean and standard deviation of topri values for 10 variables in model 1

. Ordinal data with five categories Symbolic data arra
Variable mean s%l mea}rll };d

1 -0.00393 0.01627 0.00080 0.02090
2 -0.00175 0.01736 0.00322 0.02154
3 0.00082 0.02009 0.00179 0.01740
4 -0.00115 0.01890 -0.00206 0.02243
5 0.00214 0.02297 —-0.00025 0.02074
6 0.00690 0.02030 —0.00312 0.02108
7 —0.00002 0.02253 —0.00440 0.02044
8 0.00106 0.01754 0.00359 0.01994
9 0.00442 0.01998 0.00394 0.02617
10 -0.00363 0.01959 0.00023 0.02152

Second, the HINoV method depends on the relationship between pairs of vari-
ables. If we have only one variable with a cluster structure and the others are noisy,
the HINoV will not be able to isolate this nonnoisy variable (see Table 4).

Third, if all variables have the same cluster structure (no noisy variables) the topri
values will be large and similar for all variables. The suggested selection process
using a scree diagram will be ineffective.

Fourth, an important problem is to decide on a proper number of clusters in stage
two of the HINoV algorithm with symbolic interval data. To resolve this problem we
should initiate the HINoV algorithm with a different number of clusters.
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Table 4. Mean and standard deviation of topri values for 10 variables in model 11

. Ordinal data with five categories Symbolic data arra
Variable mean s%i mea}; };d
1 —0.00095 0.03050 0.00012 0.02961
2 -0.00198 0.02891 0.00070 0.03243
3 0.00078 0.02937 —0.00206 0.02969
4 -0.00155 0.02950 —-0.00070 0.03185
5 0.00056 0.02997 -0.00152 0.03157
6 0.00148 0.03090 -0.00114 0.03064
7 -0.00246 0.02959 —-0.00203 0.03019
8 —-0.00274 0.03137 —0.00186 0.03021
9 —0.00099 0.02975 0.00088 0.03270
10 0.00023 0.02809 —0.00181 0.03126
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Abstract. Astronomy is in the age of large scale surveys in which the gathering of multidi-
mensional data on thousands of millions of objects is now routine. Efficiently processing these
data - classifying objects, searching for structure, fitting astrophysical models - is a significant
conceptual (not to mention computational) challenge. While standard statistical methods, such
as Bayesian clustering, k-nearest neighbours, neural networks and support vector machines,
have been successfully applied to some areas of astronomy, it is often difficult to incorporate
domain specific information into these. For example, in astronomy we often have good phys-
ical models for the objects (e.g. stars) we observe. That is, we can reasonably well predict
the observables (typically, the stellar spectrum or colours) from the astrophysical parameters
(APs) we want to infer (such as mass, age and chemical composition). This is the “forward
model”: The task of classification or parameter estimation is then an inverse problem. In this
paper, we discuss the particular problem of combining astrometric information, effectively a
measure of the distance of the source, with spectroscopic information.

1 Introduction

Gaia is an ESA astronomical satellite that will be launched in 2011. Its mission is
to build a three dimensional map of the positions and velocities of a substantial part
of our galaxy. In addition to the basic position and velocity data, the astrophysical
nature of the detected objects will be determined. Since Gaia is expected to detect
upwards of a billion individual objects of various types, and since the mission will
not use an input catalogue, automated classification and parameterization based on
the dataset is a crucial part of the mission.

1.1 Astronomical context

From galactic rotation curves and other evidence it is believed that most material in
the universe is comprised of so-called dark matter. The nature of this material is a
fundamental current question in astronomy. The distribution and properties of the
dark matter at the time of the formation of our galaxy should leave traces in the dis-
tribution and dynamics of the stellar population that is observed today. Since heavy
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elements are formed by nucleosynthesis in the centres of massive stars, and are there-
fore scarce at early epochs, their relative abundances in stellar atmospheres can be
used to discriminate between stellar populations on the basis of age. By building up
a complete picture of a large portion of our galaxy, such tracers of galactic evolution
can be studied in unprecedented detail.

1.2 Basic properties of the dataset

Gaia will detect all point sources down to a fixed limiting brightness. This limit corre-
sponds to the brightness of the Sun if observed at a distance of approximately 11,000
parsecs (35,000 light years, compared the accepted distance to the Galactic centre of
26,000 light years). The vast majority of detected sources will be stars, but the sam-
ple will also include several million galaxies and quasars, which are extragalactic
objects, and many objects from within our own solar system.

The positions of the various sources on the sky can of course be measured very
easily. Radial velocities are determined from Doppler shifts of spectral lines observed
with an onboard spectrometer. Transverse motions on the sky are of the order of a few
milliarcseconds per year, scaling with distance, and these motions must be mapped
over the timescale of the mission (56 years). Distances are a priori not known and
are in fact one of the most difficult, and most crucially important, measurements in
astronomy. Gaia is designed to measure the parallaxes of the stellar sources in order
to determine distances to nearby stars. The parallax in question is the result of the
changing viewpoint of the satellite as the Earth orbits the Sun. An object displaying
a parallax of one arcsecond relative to distant, negligable-parallax stars, has by defi-
nition a distance of 1 parsec (3.26 light years). This distance happens to correspond
roughly to the distance to the nearest stars. The parallax scales linearly with distance
so that the Sun at a distance of 11,000 parsec (the approximate brightness limit of
such an object for Gaia) would display a parallax of about 90 microarcseconds (uas)).
Gaia is designed to measure parallaxes with a standard error of around 25 pas, so that
the parallax-limit roughly corresponds to the brightness-limit for solar type stars.

As well as position, parallax and transverse motion (proper motion), and the high
resolution spectra used to determine the radial velocities, the Gaia satellite will return
low resolution spectra with approximately 96 resolution elements spanning the range
300-1000 nanometres (roughly from the ultraviolet to the near infrared range). These
spectra can be used to classify objects according to basic type (galaxies, quasars,
stars etc) and to then determine the basic parameters of the object (e.g. for stars, the
effective temperature of the atmosphere). This information is important because the
nature of the stellar population coupled with the kinematic information constrains
models of galaxy formation and evolution.

2 Classification and parametrization

As the sky is continuously scanned by the satellite’s detectors, sources are detected
on board and the data (position, low resolution spectra and high resolution spectrum)
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are extracted from the raw detector output, processed into an efficient form and re-
turned to the ground station. As the mission proceeds, repeated visits to the same
area of sky allow the measurement of variations in the positions of sources, which
are used to build up a model of the proper motions and parallaxes for the full set
of sources. This leads to a distinction for the data processing between early mission
data, consisting of the spectra and positions, and late mission data, which includes
parallaxes and proper motions. The sources should be classified into broad astronom-
ical classes on the basis of the spectra alone in the early mission, and on the basis of
the spectra combined with astrometric information in the later part of the mission.
This classification is important for the astrophysics, but also for the astrometric so-
lution, since the distant quasars form a distant, essentially fixed (zero parallax and
zero proper motion, plus or minus measurement errors) population. The early mis-
sion classifier should feed back the identified extragalactic objects to the astrometric
processing, and the purer this sample, the better.

Once the classification is made, sources are fitted with astrophysical models to
recover various parameters, such as effective surface temperature or atmospheric el-
ement abundances for stars. The algorithms for this classification and regression are
in the early stages of development by the data processing consortium. For the classi-
fication, the algorithm mostly used at this stage is a Support Vector Machine (SVM)
after Vapnik (1995), taken from the library libSVM (Chang and Lin (2001)), with a
radial basis function (RBF) kernel. The decision to use SVM for classification is of
course provisional and other methods may be considered. Synthetic data for training
and testing the classifier is produced using standard models of various astronomical
source classes. The multi-class SVM used returns a probability vector containing the
probabilities that a particular source belongs to each class (Wu and Weng (2005)).
Sources are classified according to the highest component of the probability vector.
We are now incorporating into the simulated data values for the parallax and proper
motion, indicating a distance. The current task is to incorporate this information into
the classification and regression schemes.

3 Classification results

For current purposes, we consider only four classes of astrophysical object; single
stars and binary stars, both of which belong to the set of objects within our own
galaxy, and galaxies and quasars, both of which are extragalactic. Two datasets were
generated, each with a total of 5000 sources split evenly between the four classes
(i.e. 1250 of each). One set was used as a trianing set for the SVM, the other is a
test set from which the statistics are compiled. The classification results for the basic
SVM classifier running on the spectrum only are shown in Table 1. Here, and in
subsequent experiments, the input data are scaled to have mean of zero and standard
deviation of one for each bin. The classifier achieves an overall correct classification
rate of approximately 93%. The main confusion is between single stars and binaries.

The parallaxes of the simulated data for stars and quasars are shown in Figure 1.
The parallax could be included directly into the classifier as a 97th data point for each
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Table 1. Confusion matrix for the SVM classifier, working on the spectral data without any
astrometric information. Reading row by row, the matrix shows the percentage of test sources
which are of a particular type, for example Stars, which are classified as each possible output
type. The leading diagonal shows the sources that are correctly classified (true positives). The
off-diagonal elements show the level of contamination (false positives) as a percentage of the
input source sample. In this test case, the numbers of each class of source were roughly equal
(just over 1000 each). In the real mission, the number of stars is expected to be three orders of
magnitude greater than the number of galaxies or quasars.

Stars Binaries Quasars Galaxies

Stars  88.21  9.27 243 0.09
Binaries 8.67 91.13 0.00 0.20
Quasars 2.04  0.90 95.77 1.28
Galaxies 0.00  0.00 0.62 99.38
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Fig. 1. The distribution of simulated parallaxes for stars (filled squares) and quasars (+ signs).

object, alongside the 96 spectral bins. Such a classifier would be expected to perform
significantly better than spectrum-only version, and indeed it does (Table 2). It might,
however, be possible to include the parallax in the classification in a way that utilises
our knowledge of the astrophysical significance of the quantity. Significant values of
parallax are expected for a subset of the galactic sources, i.e. the stars and binaries.
Not all stars and binaries will have a detectable parallax, but none of the extragalactic
sources will. This then suggests a split in the data, based on parallax, into objects that
are certainly galactic and objects that may belong to any class.

To implement such a two-stage classifier, we trained two separate SVMs, one
with all four classes, and the other with the galactic sources (stars and binaries) only.
These SVMs were trained on the spectral data only, not including the parallax. We
then classified the entire test set with each classifier. For each object, the output from
each classifier is a four-component probability vector, in the case of the classifier
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Table 2. Confusion matrix obtained by using the SVM with the parallax information included
as an additional input.

Stars Binaries Quasars Galaxies

Stars  93.52  6.03 0.45 0.00
Binaries 6.38 93.62 0.00 0.00
Quasars 0.76  0.14 98.91 0.19
Galaxies 0.00  0.00 0.41 99.59

trained only on galactic sources (stars and binaries), the probabilities for the quasars
and galaxies are necessarily always zero. Finally, we combined the output probability
vectors of the two SVMs using a weighting function based on the parallax value.

If P; and P, are the probability vectors for the galactic and general SVM classifier
respectively, they are combined to form the output probability as follows;

P =wP +(1—w)Ps, (1
w = 0.5(1 +tanh ((o. X SNR) 4 9)) ()
where SNR is the significance of the measured parallax, estimated by assuming that
the standard error is 25uas. The parameter o is set to 1. and the value of d to -5. With

these values, the function does not produce significant weighting (w ~ 0.1) toward
exclusively galactic sources until the parallax rises to four times the standard error.

Extragalactic sources

weight
0.5
\

Parallax (uas)

Fig. 2. The weighting function applied to the extragalactic sources.

The results of the two-stage classification are shown in Table 3. The leading
diagonal shows that the completeness at each class is not as good as in the case of
the single SVM classifier with parallax as discussed above (Table 2), however the
contamination of the extragalactic sources with misidentified galactic sources has
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Galactic sources

\.-.\I‘—ﬂ- - -
[

weight
0.5

Parallax (uas)

Fig. 3. The weighting function for the galactic sources. These sources are distributed through
arange of parallaxes.

been strongly reduced - in fact falling to zero for the test sample of 5000 objects.
As noted above, this is a significant advantage when the galaxies and quasars form
important classes for determining the astrometric solution, and when there will be
several hundred times more stars than extragalactic objects in the final sample.

Table 3. Confusion matrix obtained by using the SVM twice then combining the probabilities
weighted according to the value of the parallax.

Stars Binaries Quasars Galaxies

Stars  90.82  9.18 0.00 0.00
Binaries 8.87 91.13 0.00 0.00
Quasars  2.04  0.90 95.77 1.28
Galaxies 0.00  0.00 0.62 99.38

4 Summary

Since we know the relationship of the observables to the underlying nature of the
objects in the sample, we are in a position to incorporate this knowledge into the
classification or regression problems in an informed way, making maximum use of
this physical knowledge. The goal of this is twofold; Firstly, the addition of domain-
specific information should improve the predictive accuracy. Second, but not unim-
portant, is that it allows an interpretation of how the model works: the sensitivities
of the model observables to a given underlying parameter provide an explicit (and
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unique) weighting function of the observables. Apart from making the model more
acceptable (and less like a “black box”), this allows us to identify where we gather
higher quality data in order to improve performance further.
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Abstract. Mixture regression models have increasingly received attention from both market-
ing theory and practice, but the question of selecting the correct number of segments is still
without a satisfactory answer. Various authors have considered this problem, but as most of
available studies appeared in statistics literature, they aim to exemplify the effectiveness of
new proposed measures, instead of revealing the performance of measures commonly avail-
able in statistical packages. The study investigates how well commonly used information cri-
teria perform in mixture regression of normal data, with alternating sample sizes. In order to
account for different levels of heterogeneity, this factor was analyzed for different mixture
proportions. As existing studies only evaluate the criteria’s relative performance, the resulting
success rates were compared with an outside criterion, so called chance models. The findings
prove helpful for specific constellations.

1 Introduction

In the field of marketing, finite mixture models have recently received increasing
attention from both a practical and theoretical point of view. In the last years, tradi-
tional mixture models have been extended by various multivariate statistical methods
such as multidimensional scaling, exploratory factor analysis (DeSarbo et al. (2001))
or structural equation models (Jedidi et al. (1979); Hahn et al. (2002)), whereas
regression models (Wedel and Kamakura, (1999), p. 99) for normally distributed
data are the most common analysis procedure in marketing context, e.g. in terms of
conjoint and market response models (Andrews et al. (2002); Andrews and Currim
(2003b), p. 316). Correspondingly, mixture regression models are prevalent in mar-
keting literature. Despite their widespread use and the importance of retaining the
true number of segments in order to reach meaningful conclusions from any anal-
ysis, model selection is still an unresolved problem (Andrews and Currim (2003a),
p- 235; Wedel and Kamakura (1999), p. 91). Choosing the wrong number of seg-
ments results in an under- or oversegmentation, thus leading to flawed management
decisions on e.g. customer targeting, product positioning or the determination of the
optimal marketing mix (Andrews and Currim (2003a), p. 235). Therefore the objec-
tive of this paper is to give recommendations on which criterion should be considered
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at what combination of sample/segment size in order to identify the true number of
segments in a given data set.

Various authors have considered the problem of choosing the number of seg-
ments in mixture models in different context. But as most of the available studies
appeared in statistics literature, they aim at exemplifying the effectiveness of new
proposed measures, instead of revealing the performance of measures commonly
available in statistical packages. Despite its practical importance, this topic has not
been thoroughly considered for mixture regression models. An exception in this area
are the studies by Hawkins et al. (2001), Andrews and Currim (2003b) and Oliveira-
Brochado and Martins (2006), that examine the performance of various information
criteria against several factors such as measurement level of predictors, number of
predictors, separation of the segments or error variance. Regardless of the broad
scope of questions covered in these studies, they do not profoundly investigate the
criteria’s performance against the one factor best influenceable by the marketing an-
alyst, namely the sample size. From an application-oriented point of view, it is de-
sirable to know which sample size is necessary in order to guarantee validity when
choosing a model with a certain criterion. Furthermore, the sample size is a key
differentiator between different criteria, having a large effect on the criteria’s effec-
tiveness. Therefore, the first objective of this study is to determine how well the
information criteria perform in mixture regression of normal data with alternating
sample sizes. Another factor that is closely related to this problem concerns segment
size ratio, as past research suggests the mixture proportions to have a significant ef-
fect on the criteria’s performance (Andrews and Currim (2003b)). Even though a
specific sample size might prove beneficial in order to guarantee a satisfactory per-
formance of the information criteria in general, the presence of niche segments might
lead to a reduced heterogeneity and thus to a wrong decision in choosing the number
of segments. That is why the second objective is to measure the information cri-
teria’s performance in order to be able to assess the validity of the criteria chosen
when specific segment and sample sizes are present. These factors are evaluated for
a three-segment solution by conducting a Monte Carlo simulation.

2 Model selection in mixture models

Assessing the number of segments in a mixture model is a difficult but important
task. Whereas it is well known that conventional %>-based goodness of fit tests and
likelihood ratio tests are unsuitable for making this determination (Aitkin and Ru-
bin (1985)), the decision on what model selection statistic should be used still re-
mains unsolved (McLachlan and Peel (2000)). Different test procedures, designed to
circumnavigate implementation problems of classical 2-tests exist, but haven’t yet
found their way into widely used software applications for mixture model estima-
tion (Sarstedt (2006), p. 8). Another main approach for deciding on the number of
segments is based on a penalized form of the likelihood. These so called information
criteria. Information criteria for model selection simultaneously take into account the
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goodness-of-fit (likelihood) of a model and the number of parameters used to achieve
that fit.

The simulation study focuses on four of the most representative and widely ap-
plied model selection criteria. In a recent study by Oliveira-Brochado and Martins
(2006), the authors report that in 37 published studies, the Akaike’s Information Cri-
terion (AIC) (Akaike, 1973) was used 15 times, the Consistent Akaike’s Information
criterion (CAIC) (Bozdogan (1987)) was used 13 times and the Bayes Information
Criterion (BIC) (Schwarz (1978)) was used 11 times (multiple selections possible).
In another meta-study of all major marketing journals, Sarstedt (2006) observes that
BIC, AIC, CAIC and the Modified AIC with factor three (AIC3) (Bozdogan (1994))
are the selection statistics most frequently used in mixture regression analysis. In
none of the studies examined by Sarstedt did the author draw back on statistical tests
to decide on the number of segments in the mixture. This report narrows its focus
on presenting the simulation results for AIC, BIC, CAIC and AIC3. Furthermore,
the Adjusted BIC (Rissanen, 1978) is considered because the authors expect an in-
creased usage due to its implementation into the increasingly popular software for
estimating mixture models, Mplus. For a detailed discussion on the statistical prop-
erties of the criteria, the reader is referred to the references cited above.

3 Simulation design

The strategy for this simulation consists of initially drawing observations derived
from an ordinary least squares regression and applying these to the FlexMix algo-
rithm (Leisch, 2004; Griin and Leisch (2006)). FlexMix is a general framework for
finite mixtures of regression models using the EM algorithm (Dempster et al., 1977)
which is available as an extension package for the statistical computing software R.
In this simulation study, models with alternating observations and three continuous
predictors were considered for the OLS regression. First, Y = 'X was computed for
each observation, where X was drawn from a normal distribution. Subsequently an
error term derived from a standard normal distribution was added to the true values.
Each simulation set up was run with 1.000 iterations. The main parameters control-
ling the simulation were:

* The number of segments: K =3

* The regression coefficients in each segment which were specified as follows:
—  Segment 1: B; = (1,1,1.5,2.5)

- Segment 2: B, = (1,2.5,1.5,4)
—  Segment 3: B3 = (2,4.5,2.5,4)

* Sample sizes which were varied in a hundred-step interval of [100;1.000]. For
each of the sample sizes the simulation was run for three types of mixture pro-
portions. To allow for a high level of heterogeneity, two small and one large
segment were generated.

— Minor proportions: 7'5% = né =0.land 7 =038

— Intermediate proportions: 1t} =1t} = 0.2 and 7t} = 0.6
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—  Near-uniform proportions: t} =7} = 0.3 and } = 0.4
e Each simulation run was carried out five times for k = 1,...,5 segments.

The likelihood was maximized using the EM algorithm. As a limitation of the
algorithm is its convergence to local maxima (Wedel and Kamakura (1999), p. 88),
it was run repeatedly with 10 replications, totalling in 50 runs per iteration. For each
number of segments, the best solution was picked.

4 Results summary

The performance of each criterion was measured by their success rate, or by the
percentages of iterations in which the criterion succeeded in determining the true
number of segments in the model. As indicated above, previous studies only observe
the criteria’s relative performance, ignoring the question whether the criteria perform
any better than chance. To gain a deeper understanding of the criteria’s absolute per-
formance one has to compare the success rates with an ex-ante specified chance
model. In order to verify whether the criteria are adequate, the predictive accuracy of
each criterion with respect to chance is measured using the following chance models
derived from discriminant analysis (Morrison (1969)): Random chance, proportional
chance and maximum chance criterion. In order to be able to apply these criteria,
the researcher has to have prior knowledge or make presumptions concerning the
underlying model: For a given data set, let M; be a model with K; segments from a
consideration set with C competing models K = {M,...,Mc} and p; be the prior
probability to observe M;, (j=1,...,C) and Z]C:l p; = 1. The random chance cri-
terion is CM;,, = é = p, which indicates that each of the competing models has
an equal prior probability. The proportional chance criterion is CMpop = chzl pjz,
which has been used mainly as a point of reference for subjective evaluation (Mor-
rison (1969)), rather than the basis of a statistical test to determine if the expected
proportion differs from the observed proportion of models that is correctly classified.
The maximum chance criterion is CMp,x = max(pj,...,pc), which defines the max-
imum prior probability to observe model j in a given consideration set as being the
benchmark for a criterion’s success rate. Since CMay < CMprop < CMpax , CMpax
denotes the strictest of the three chance model criteria. If a criterion cannot do better
than CM ., one might disregard the model selection statistics and choose M ; where
max(p;) . But as model selection criteria may defy the odds by pointing at a model i
where p; < max(p;), in most situations CMpy,p should be used.

Relating to the focus of this article, an information criterion is adequate for a
certain factor level combination when the success rate is greater than the value of a
given chance model criterion. If this is not the case, a researcher shoud rather revert
to practical considerations as for example segment identifiability when choosing the
number of segments. To make use of the idea of chance models, one can define a
consideration set K = {M/,M,, M3} where M| denotes a model with K = 2 segments
(underfitting), M> a model with K = 3 segments (success) and M3 a model with K > 4
segments (overfitting), thus leading to the random chance criterion CM;,, ~ 0.33.
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Suppose a researcher has the following prior probabilities to observe one of the
models, p; = 0.5, p» = 0.3, and p3 = 0.2 the proportional chance criterion for each
factor level combination is CMprop = 0.38 and the maximum chance criterion is
CMpx = 0.5. The following figures illustrate the findings of the simulation run. Line
charts are used to show the success rates for all sample/segment size combinations.
Vertical dotted lines illustrate the boundaries of the previously mentioned chance
models with K = {M,M>,M3}: CMy, ~ 0.33 (lower dotted line), CMpop = 0.38
(medial dotted line) and CMy,x = 0.5 (upper dotted line). These boundaries are just
exemplary and need to be specified by the researcher in dependence of the analysis
at hand. Figure 1 illustrates the success rates of the five information criteria with re-
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Fig. 1. Success rates with minor mixture proportions

spect to minor mixture proportions. Whereas AIC demonstrates a poor performance
across all levels of sample size, CAIC outperforms the other criteria across almost all
factor levels. The criterion performs favorably in recovering the true number of seg-
ments, meeting exemplary chance boundaries for sample sizes of approximately 150
(random chance, proportional chance) and 250 (maximum chance), respectively. The
results in figure 2 from intermediate and near-uniform mixture proportions confirm
the previous findings and underline the CAIC’s strong performance in small sam-
ple size situations, quickly achieving success rates of over 90%. However as sample
sizes increase to 400, both ABIC and AIC3 perform advantageously. Even with near-
unifrom mixture proportions, AIC fails to any meet chance boundaries used in this
set-up. In contrast to previous findings by Andrews and Currim (2003b), CAIC out-
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